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INVERSION IN GROUPS / 
By OLGA TAUSSKY (London) and J. TODD (London) 
[Received 29 January 1941] 


Ws shall be concerned with (1,1) transformations of a group G into 
itself. The class of all these forms a group when they are combined 
in the usual manner, by superposition; thus 
UV = U{V}. 

Inversion with respect to ¢ € G is the transformation 

x —> T(x) = ta-'t; 
inversion with respect to the unit element in G, which is the trans- 
formation x->a-1, is denoted by J. Right-hand and left-hand 
translations with respect to ¢t € G are the transformations 


x—> T(x) = at, x —> T(x) = tx. 
We observe that L= fF IT>*. (1)* 
The two sections below are quite independent. 


1. B. de Kerekjartot has obtained the following result, which has 
uses in topology. 

THEOREM. Let A be an Abelian group which contains no elements 
of order 2. Then inversion with respect to the unit element in G is 
characterized by the following properties: 

(a) the unit element is the only invariant element; 

(b) the transformation obtained by superposing the conjugate, with 
respect to any translation, of the inversion on the inversion itself is 
a certain translation. 


In virtue of (1) this theorem enables a characterization of inversion 
with respect to a general element of G to be given. We shall establish 
the following result: 


THEOREM.{ Let @ be any§ group. Then inversion with respect to 
the unit element in G is characterized by the following properties: 
(c) the unit element is an invariant element; 


* There is no ambiguity in the notation 7'>1 since (I)7* = (T-),. 

+ Comptes Rendus (Paris), 210 (1940), 288-9. 

t As before, using (1), we can give a characterization of inversion with 
respect to an arbitrary element in G. 

§ G need not be Abelian and it may contain elements of order 2: the ele- 
ments of order 2, if any, are invariant, as well as the unit element. 
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66 OLGA TAUSSKY AND J. TODD 

(d) the transformation obtained by swperposing the conjugate of the 
inversion with respect to any right-hand translation T, on the inversion 
itself can also be obtained by applying a right-hand and a left-hand 
translation, both with respect to the element t in question. 

Proof. Let F be a transformation satisfying (c) and (d). Then, 
from (d), when ¢ is the unit element in G, it is obvious that F? is 
the identical transformation. From (d), for an arbitrary t, we have 


TFT, F = £7, (2)* 
from which, using the fact that F = F-, we find that 
ae = FFT 9s.. (3) 
Operating with both sides of (3) on the unit element in G we obtain 
t-1 — Fit), 


which establishes the theorem. 

2. In this section we shall determine the class of groups in which 
distance, in the sense of Menger,} is invariant under inversion. 

Let G be any group. Then the distance between two elements 
a, b of G is the class of two elements (ab-!, ba—"): this distance is 
therefore symmetric and invariant under right-hand translation. 
Suppose now that distances in G are invariant under inversion with 
respect to t¢ G. The condition that the distance between a and 6 
is invariant is that 

(ab-1, ba-1) = (ta—bt-1, tb—at-), 
and this implies either 
ab-! = ta-bt-} (4) 
or ab-) — that. (5) 
The condition that the distance between the unit element and ab-! 
should be invariant is that 
(ab-1, ba-1) = (tba-U-1, tab—t-*), 


and this implies either 


ab-! = tha-"t-} (6) 
or ab-! = tab-¥-. (7) 


From (4) and (6) or from (5) and (7) it follows that ab = ba, while 
from (5) and (6) or from (4) and (7) it follows that a? = b*, 
* The first member of (2) is the commutator of 7. and F since F? is the 


identical transformation. 
+ Math. Zeitschrift, 33 (1931), 396-418. 
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We have therefore shown that any two elements a, b of G either 
commute or satisfy a? = b?. If a, b do not commute, neither do 
a and 6-1, nor do a and ab. Hence 

a* = § = §-* = (ob), 
and this shows that a, b generate a quaternion group. Hence it 
follows that G is a Hamiltonian 2-group.* 

Since it is obvious that distances in any Hamiltonian 2-group are 
invariant under inversion with respect to any element, we have 
established the following theorem:+ 


THEOREM. A condition necessary and sufficient for a group to be 
Abelian or a Hamiltonian 2-group is that distances in it should be 
invariant under inversion with respect to any element. 


A 2-group is a group in which the order of each element is a power of 2. 
+ This is a generalization of a previous result [O. Taussky, Math. Annalen, 
108 (1933), 615-20]. 














INTEGRATION OF THE DIFFERENTIAL EQUATIONS 
OF APPELL’S FUNCTION F, 


By A. ERDELYI (Edinburgh) 
[Received 12 February 1941; in revised form 30 March 1941] 


1. In the following pages I deal with the integration of the system 
of partial differential equations of which Appell’s fourth hyper- 
geometric function of two variables F, is a solution. F, has the 
remarkable property of reducing to the product of two ordinary 
hypergeometric functions when the parameters are connected by the 
relation a+f8+1= y+y’.* More recently Burchnall (4) discussed 
this exceptional case from a different point of view. He introduced 
new variables suggested by the Watson-Bailey transformation and 
showed that the introduction of these new variables splits up the 
system of partial differential equations, in the exceptional case, into 
two ordinary differential equations. Using this result, Burchnall 
discussed the exceptional case fully. 

Studying Burchnall’s paper, I came to the conclusion that his 
variables should have some significance in the general case of the 
system of F, as well as in the reducible case. Transforming the 
(general) equations of F, to the new variables, I had to realize, 
however, that the integration of the new system is still a difficult 
problem. Later, in connexion with some research on the integration 
of systems of partial linear differential equations, I found that the 
differential equations of F, can be integrated by contour integrals. 
I propose to outline this method in the present paper. The technique 
of the integration of differential equations by definite integrals being 
sufficiently well known, I shall omit the details. 

First I find a new integral representation of F,. This integral 
representation suggests the integral which can be shown to represent 
the general solution of the system of F,. This integral in its turn 
suggests the introduction of new variables which prove to be identical 
with those introduced by Burchnall. Also I transform my integral 
into a double integral. Since the first version of this paper was written, 
Burchnall and Chaundy have published (5) some most interesting 
investigations into double hypergeometric series. In particular, 
Burchnall and Chaundy gave a double-integral representation of F, 


* Watson (7), Bailey (3). 
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which is more symmetrical than mine. Though the two double 
integrals resemble each other, there does not seem to be a simple 
transformation of the variables of integration connecting the two 
representations. I conclude by sketching the fundamental systems 
of solutions of the system of F, and its monodromic group. 

I mention only in passing that the methods used here apply to 
corresponding hypergeometric functions of higher orders as well as 
to those of more than two variables. For instance, the system of 
n partial linear differential equations of order g+-1 in the n indepen- 
dent variables 2,,..., X,, 


2 (a1 to \Brt 8) (By-at8)2— 
(4+ 8).(ay+0)2=0 (k=1, 2,. 


re) a) _ ae a 
where 6 = ge oth ——, one solution of which is 
x. Oy 


> (2) m,+...+Mn** (%p Dnt. +mg@ 1 tn 
om: » ey !(Bs)ue,+...-e** (By- sent. +m Ym," mn 


™m=0 ™n 


may be integrated by the (n—1)-fold integral 
wf dt,...dt,_1t7 7... %-"(1—ty—...—ty_)-¥* X 


i Te 





et | Tn-1 Xn 
ut hay oie +7} 


tna 


Analogous results for — ic functions of slightly different 
type readily follow. 


2. Appell’s series (1), (2) 
F(a, By, y'3 %, y) => 2a ara al nan ens amy” 


m=0n 


satisfies the system of two partial differential spake 
L,[z] = «(1—a)r—y*t—2ayst {y—(a+B+1)z}p— 
—(a+B+l)yq—ofz = 0, 
L,[z] = y(1—y)t—a*r—2ays+ fy’ —(a+B+1)yjq— 
—(a+B+1)2p—ape = 0, (2) 
* (2), 44. 
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where p, g, 7, 8, # are Monge’s notation for 


Oz dz Oz az O% 


Dae? Dap? Dvd? Dwdas? Dad 
ox Cy ox" cxcy cy 
respectively. 
The integral representation mentioned in the preceding section 


reads 
F(a, Bs y,y'3%,y) = Ty) Py’) P(2—y—y' yer" 2rt)* X 
x [ 70-17 F (a, Birt’ 153+; dt, (3) 
P 

where P denotes a Pochhammer double-loop slung round the points 
0 and 1 such that |x/t+y/(1—t)| <1 along the contour.* This 
integral representation is easily proved by expanding the hyper- 
geometric function in the integrand and integrating term by term. 


Now (3) suggests that 


Se a _yplt , Y 
z *J t-v(1—1t) "iG+74) dt (4) 


should be a solution of (2) when C is any closed contour and f{(w) 
is any branch of Riemann’s function defined by the scheme 

( 0 ] ©O 

?) 0 0 a wh}. (5) 

2—y—y yty’'—a—B—1 B 
Also it is to be expected that (4) should represent the general solution 
of (2), ie. that any solution of (2) should be represented by linear 
combinations of integrals of the type (4). 

To prove the first part of this conjecture let us write 
a/t-+y/(1—t) = w. 

Now, from (4), 


Le] = [ra—o7| PG Yat 
+L (ote+ E(t 8+1) Np apy] a 

- | t-¥(1—t)-7[w(1—w) f” + fy +’ —1— (a+ B+ No} f’— af] dt — 
"= faera—yry', 

: * See (8), § 12.43. 








ON APPELL’S FUNCTION F, 71 


by integration by parts. The first integral vanishes in consequence 
of the differential equation* satisfied by (5). Hence 


L,[z] = — { d-—-1)'f}, (6) 
C 


and similarly Lf{z] = — [ d{t!-1(1—t)-”f'}. (7) 
é 


From this result it is seen that (4) is certainly a solution of (2) when- 
ever C is either a closed contour or else an open contour at the two 
ends of which both t-7(1—t)!~”f’(w) and #'-7(1—t)~”f’(w) vanish. 

The second part of the above conjecture can be proved by showing 
that four linearly independent solutions of (2)—e.g. the four given 
on page 52 of (2)—may be represented by integrals of the type (4). 
[ omit the details of this proof. 


3. It is now a straightforward matter to derive the complete 
theory of the solutions of (2) from (4). In fact the well-known 
method of integrating linear differential equations by contour in- 
tegralst combined with the equally well-known theory of Riemann’s 
P-function{ furnishes us with the fundamental systems of solutions, 
transformations connecting different fundamental systems, and also 
with the monodromic group of the system (2). I shall mention only 
a few points of interest here. 

The possible singularities of the integrand of (4) are given by the 
singularities of the P-function, i.e. by w = 00, 0, or 1. There are six 
corresponding values of t, viz. 0, 1, x/(z—y), 00, and the two roots 
of the quadratic equation in f¢: 

(1—t)—a(1—t)—yt = 0. (8) 

The last two singularities are the only ones which are not rational 

functions of 2 and y. Obviously it is possible to express all six 

singularities as rational functions of some new variables, for instance 
the roots of (8), which will be denoted by X and Y. 

From (8) we have 

a=XY, y= (1—X)(1—Y), (9) 

and hence the new variables, introduced in order to ‘rationalize’ the 

singularities of (5), are identical with the variables used by Burchnall 

(4) in the reducible case a+f8+1= y+y’. The six possible singu- 


* (8), § 10.7. + See e.g. (6), chap. 18. t See e.g. (8), chap. 14. 
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larities of the integrand of (4) are now ¢ = 0,1, X, Y, XY/(X+Y—1), 
aieccaid zy ((—X)(t-Y) 

wo = —-+—— => p ere RS 

t ‘ 1—t t(t—1) 

and hence, from a well-known transformation formula of Riemann’s 
P-function,* 

0 1 co 


f(o) =P 0 0 a I1— 


I—y—y"_ phy —a—f—1. 6 
0 1 co 


(t—X)(t—Y) 
t(t—1) 


=P 0 0 , — en (10) 


t(t—1) 
y+y’—a—B—1 2—y-y' 8B 


Either (5) or (10) may be used in connexion with (4). 


4. Now z as given by (4) is a regular function of x and y (or of 
X and Y) unless two singularities of the integrand which should be 
separated by C coincide. Hence all possible singularities of (4), i.e. 
all singular curves of (2), are given by the coincidence of two of the 
six singularities enumerated above. Thus we arrive at the list of 


singular curves 

X = 0, 1, 0; y = 0, 1, a; A =f, (11) 
At first it may seem that there is another singular curve, 

X+Y-—1=0, 
this equation being the condition for the coincidence of the two 
singularities ¢ = oo and t = XY/(X+Y—1) of the integrand. How- 
ever, X-+Y—1 = 0 is not a singuiarity. For, according to (10), 
f(w) = aF (a, B; y+y’—1; @)+ 

bw? YY F(a—y—y' +2, B—y—y'+2;3—y—y’;w), 
and correspondingly z = az,+bz,, where a and b are constants. It 
is easily seen that the integrand of z, is regular att = XY/(X+Y—1) 
and the integrand of z, at t = 00; hence the coincidence of these two 


points cannot possibly cause any singular behaviour of z. 
On the other hand, according to the current theory, the singular 


* (8), § 10.72. Here (10) means that any particular branch of the P-function 
in the first line is equal to some branch of the P-function in the second line. 
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curves of the system (2) can be found by solving (2) for r and f¢, 


thus getting 
vit 2xys oe 2xys 
r Al-s—yt t ist 

where the dots signify terms containing no derivatives of the second 
order. The possible singular curves of (2) are (i) the singularities of 
the coefficients, ie. x = 0, y= 0, r= 020, y= &, a+y =—1, and 
(ii) the curves determined by 1—4ay(1—x—y)-* = 0. Thus the 
usual theory* yields, besides (11), also x+y —=1, which from our 
result is seen to be merely an apparent singular curve. 


5. The P-function (10) is represented by an integral of the formt 
(INN a, 


f(w) = J 87+7'-B-2(3— ] 1-7-7 +] g — oe 


Hence, instead of (4), we may represent the solutions of (2) by the 
double integral 


Z= [| g7+7'-B-2( 3] )l-y-y'+0g2-¥(¢ — 1) *-Y' x 
x {st(t—1)—(t—X)(t—Y)}-* dsdt, (12) 


which represents solutions of (2) whenever the contours of integra- 


tion in the s- and ¢-planes are suitably chosen: this follows from the 
way in which we obtained it. Closed contours in particular are 
always suitable contours. 

Introducing new variables of integration o, t by the substitution 


a OT 
~ @@—1) ~ l-o+7’ 
(12) changes into 
z= [f of (0-1-1 (o— X97 Hag0-H(7 4 1)" (r -Y)-*X 
x {(o—X)r—X(1—o)}7#7"-*-F44 dodr. (13) 


This form of the solution of (2), as well as the more symmetrical 
double-integral representation due to Burchnall and Chaundy,f{ 
shows directly that in the exceptional case y+-y’—a—f—1= 0 the 
typical solutions of (2) are products of hypergeometric functions 
of X and Y and, moreover, that for positive integral values of 
y-+y’—a—B—1 the typical solutions of (2) are finite sums of pro- 
ducts of ordinary hypergeometric functions. 


* Of. e.g. (2), § xii. t (8), § 14.6. t (5), equation (68). 
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6. Although I do not propose to work out the fundamental 
systems of solutions of (2) in detail, a few remarks on these solutions 
may not be without interest. Incidentally, these remarks illustrate 
a point in the general analytic theory of systems of partial differential 
equations which does not seem to have been noted before. 

The singular points of (2) fall into two classes: 

(i) the points x = y = 0 (ie. X = Y—1=00r X—-1= 
z=yg'1=0 (ie. X = Y"*=0OorY = J+=0), andgy= 
(ie. X—1= Y-! = 0 or Y—1 = X-! = 0) which are ordinary inter- 


sections of two singular curves of the regular type; 

(ii) the points x=1l—y=0, l—xrx=y=0, and r=y=0 
which are points of contact of the two singular curves of the regular 
type passing through them. Therefore these singular points are of 
a far more complicated type. In fact, in order to deal with these 
singular points, we have to introduce the new variables X, Y, thus 


getting the singular points X = Y= 0, X = Y= 1, and X => Y=, 
each of which is an ordinary intersection of three singular curves. 

The fundamental systems of solutions belonging to the singular 
points (i) are easily determined. Indeed, the fundamental system 
for x = y = 0is known.* One solution for the vicinity of y= 2-1 = 
is given by (4) when we choose 

f(w) = w-*F (a, a—y—y’ +2; a+1—B; w-") 
and take C to bé a Pochhammer double-loop encircling 0 and 1, 
such that along it |jw| >1. This solution turns out to be 
x-“Fi (a, a—y+1;0—B+1, y’; 1/x, y/2). 

Now, this result suggests that by linear transformations the singular 
points x =y1=0 and y=x!=0 can be transformed into 
x=y=0. Hence the above-cited result yields the fundamental 
systems belonging to each of the singular points of class (i). The 
transformations which these systems undergo when the variables 
encircle the corresponding singularity are easily inferred from the 
analytical expression of the solutions. The transformations connect- 
ing two different fundamental systems follow from a known trans- 


formation-formula.+ 


7. The singular points (ii) are of a more involved type. There is 
no fundamental system of solutions convergent in the whole neigh- 


* (2), 52. Tt (2), 26, equation (37). 
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bourhood of such a singular point. Introducing X, Y, we see that all 
three singularities (ii) are equivalent, i.e. transform into each other 
by the transformations mentioned in the last paragraph. Therefore 
it is sufficient to deal with X = Y = 0. 

There are two linearly independent solutions of (2) convergent in 
the entire neighbourhood of X = Y = 0. We obtain them by taking 
iii flo) = F(a, Bsy+y'—1s0), (14) 
C being the loop o0...(1++)...00, and 

f(w) = wv VF (a—y—y' +2, B—y—y' +2; 3—y—y'5.@), 
C being a double-loop encircling 0 and XY/(X+ Y—1). The first of 
these solutions is a power-series in X, Y, the second is (XY)!-” 
multiplied by a power-series in X, Y. They do not seem to be 
hypergeometric series of two variables. 

In order to complete the fundamental system we have to resolve, 
as it were, the hyperspherical neighbourhood of X = Y = 0 into 
three hyperconical neighbourhoods, i.e. we have to take different 
fundamental systems according as |X|, |Y|, or |X—Y| is the 
smallest modulus. ‘Near X = 0’, ie. when |X| is the smallest of 
these three moduli, we shall have a further solution taking (14) with 
C to be a double-loop encircling 0 and X. This solution is of the 
form X1-” multiplied by a one-valued function of X, Y (in the 
domain of sufficiently small values of |X| < |¥|). Again, the fourth 
solution is given by 

f(w) = (l—w)r+7'-*-B1 x 

x Fly+y'—a—1, y+y'—B—15 y +7 —a—B; 1—w), (15) 
and C is a loop beginning and ending at ¢ = Y and encircling the 
points 0, X, XY/(X+Y—1). This solution is of the form Y!-’ 
multiplied by a one-valued function of X, Y. The connexion between 
this fundamental system and that discussed by Burchnall (4), in the 
exceptional case y+y’ = a+f8-+1, is obvious. 

‘Near Y = 0’, ie. when |Y| < |X| and both are small, and also 
‘near X = Y’, ie. when, say, |X—Y| < |X| and both are small, we 
have to choose the two solutions belonging to the pairs of indices 
(1—y,0) and (0,1—y) in a corresponding way. The characteristic 
feature of these fundamental sets is that they form a canonical set 
only in a hypercone with vertex X = Y = 0, and not in the entire 
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hyperspherical neighbourhood of that singular point. This feature 
arises because more than two singular curves intersect in that point. 


8. I conclude with a few remarks on the monodromic group of 
the system (2). The singular curves in the finite part of the (X, Y)- 
space are the five curves X = 0, X =1,Y=0,Y=1,X =Y. 

When (X, Y) encircles one of the two singular curves X = 0, Y = 0 
(and no other singular curve) in the positive direction, the ‘first 
fundamental system’ referred to in §6* undergoes a canonical sub- 
stitution characterized by the 4 x 4 diagonal matrix S, with diagonal 
elements 1, e~®7*”, 1, e-®7”, Similarly, when (X, Y) encircles X = 1 
or Y =1, the same fundamental system undergoes a substitution 
characterized by the diagonal matrix S, with diagonal elements 1, 1, 
e-2miy’, @-2miy’, 

In order to deal with the singular curve X = Y, the introduction 
of a ‘second fundamental system’ is advisable. From our results it 
is easily inferred that there are three linearly independent solutions 
of (2) which are one-valued in the vicinity of X—Y = 0. These are 
the solutions in which the two singularities ¢ = X and ¢t = Y of the 
integrand of (4) are both inside or both outside the same loop of 
the contour. Furthermore, there is a fourth solution, where f(w) is 
given by (15) and C is a double-loop encircling t = X and t = Y, 
which obviously is of the form (Y—X)*7+7’-«-9)-1 multiplied by a 
function one-valued in the vicinity of Y—X = 0. These four solu- 
tions constitute a fundamental system for X = Y. The corresponding 
canonical substitution is given by a diagonal matrix S, with diagonal 
elements 1, 1, 1, e47v+7’-*-8-D respectively. 

Denoting by A the 4x4 matrix which transforms the ‘second’ 
fundamental system into the ‘first’, it is easily seen that the mono- 
dromic group of (2) is generated by the three substitutions S,, S,, 


and AS, A-}. 
9. We remark that (3) is by no means the only representation of 


F, by a simple integral. There are several others, e.g. one of the type 


wP¥(L—uyy 8A. —uy)-*F |, By F195 an ass i 


which could be used for integrating (2). However, (3) is the most 
symmetrical of the integral representations known to me. 


* Of, (2), 52. 
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, ON DIRICHLET’S SINGULAR INTEGRAL AND 
FOURIER TRANSFORMS 
By H. KOBER (Birmingham) 
[Received 3 March 1941] 


1. Let f(t) e¢ L, over (—o0, 00), let 
a 1/p 
lf l» = ( | | f(é)|? ay or |f = ess.u-b. | f(t)| 
for 0< p< or p=oo respectively, and, for l< p< 2 
(x) = Ff denote the Fourier transform of f(t)* 
index yp * ; , l 1 
(x) = l.i.m. (27)-4 | S(t)e- dt ("+ —= i) (1.1) 


a> ) : y’ 
Pp ft 


© 
—@ 


E. Hille and J. D. Tamarkin have proved? that, for 1< p < 2, the 
following inversion formula corresponds to (1.1): 


index p 


f(t) = Lim. (27) [ p(x)et de. 


a>x 


The tool that they employ is Dirichlet’s singular integral 


Df 


z. 
Ree t—s —o< 8 oe) 
—@® 


This operator has been dealt with by various writers.t Hille and 
Tamarkin show that, for 1< p < o, D,f has the properties 
[Dif lp <AplfOlp» — |Daf—F(@)lp +9 a8 a> 00. (1.4) 


|p? 


* E. C. Titchmarsh, Proc. London Math. Soc. (2) 23 (1923), 279-89. When 
p = 1, obviously the right-hand side of (1.1) is equivalent to the ordinary 
integral over (— 00, 00). 

+ E. Hille and J. D. Tamarkin, Bull. American Math. Soc. 39 (1933), 768-74. 
For p = 2, the result is due to M. Plancherel. 

t e.g. H. Bateman, Proc. London Math. Soc. (2) 4 (1906), 461-98; G. H. 
Hardy, Proc. London Math. Soc. (2) 7 (1909), 445-72; G. H. Hardy and E. C. 
Titchmarsh, Proc. London Math. Soc. (2) 23 (1924), 1-26, and 30 (1929), 
95-106; E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals 
(Oxford, 1937), 1.14 and 11.21; E. Hille, Trans. American Math. Soc. 39 
(1936), 131-53, and Proc. National Ac. of Sci. 24 (1938), 159-61, and Annals 
of Math. 40 (1939), 1-47. Theorems 1 (c) and 5 (a) of my former paper on 
Dirichlet’s operator, Quart. J. of Math. (Oxford), 11 (1940), 66-80, can be 
deduced from some results due to Hardy, loc. cit., §§ 11 and 16. 
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When p = 1, neither (1.4) nor, therefore, (1.2) holds; for, guided 
by the analogy with Fourier series, Hille and Tamarkin have con- 
structed an example which shows that /f(¢)¢ LZ, does not imply 
D, f ¢ L,. Hence the following problems arise: If f(t) € L,, 

(a) under what conditions on f(t) does D, f belong to L,: 

(6) under what conditions is the Fourier transformation, applied 
to f(t), inversible in the mean-convergence sense, i.e. in the sense 
of (1.2), with p = 1? 

[t turns out that it is only under rather restrictive conditions on 
f(t) that D, f belongs to L, (§§ 2-7, Theorems | and 2); Theorem 1 (ii) 
is due to H. R. Pitt. The answer to problem (0b) is given by Theorem 
3; though it is fairly simple, it appears not to have been remarked 
up to now. 

2. THEOREM 1. (i) Let f(t) € L,(—o,00) and 0 < a < 0. A neces- 
sary condition that D, f belongs to L,(—, 0) ts that 
[ fe dt = [ f(tje dt = 0. (2.1) 


—@ 


(ii) The condition is not sufficient. 


Proof. Let d(x) = Ff. Then ¢(x) is continuous in (—00, 00), and* 


a 


f(s,a) = Df = (2m) | p(aet* de. (2.2) 


Suppose also that f(s,«) = D,f belongs to L,(—0oo,00). Then the 
function %(x) = F[f(t,«)] is continuous in (—00,00) as well. By 
the uniqueness theorem we have almost everywhere 

d(x) = d(x) (—a<2%< a), v(x) = 0 (|x| >a). (2.3) 
3y continuity the equations (2.3) also hold in the strict sense. Since 
(x) is continuous at x = +a, we have ¢(a) = ¢(—a) = 0, which 
proves Theorem 1 (i). 

Let f(t) € L,(—oo,00) and ¢(a) = ¢(—a) = 0. H. R. Pitt shows 
in a paper to be published shortly that the conditions g(a) = g(b) = 0, 
where g(x) = Fh, h(t)e L,, and —o <a<b<o, do not imply 
the existence of a function h,(t) €¢ LZ, such that its Fourier transform 
s(x) is equal to g(x) in (a,b) and to zero outside (a,b). This result 
is equivalent to Theorem 1 (ii). 


* Cf. H. Kober, loc. cit. 73. 
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3. Let f(t) be a step function which satisfies (2.1). Computing 
D, f, we can easily see that it belongs to L,,(—0o,00) for any p > $ 
and that, when r, p are any numbers such that 7(2—p), 0 < p< 2, 
sD. f belongs to L,(—oo,00). In the general case we obtain the 
following result: 

THEOREM 2. Let (i) f(t) € L,(—1, 1), (ii) f(t) € L,(—, 00) for some 
p > 0, (iii) fd) asi (2.1). Then D uf aoange to L,(—00,0); more 
generally, sD, f € L,(—o0,00) when 0 < p’ < min(1, p) and 


\ en 1)}} >1. 
We need some lemmas. 
Lemma 1. Let f(t) —00, 00), then D, f belongs to L,(—o0, 00) for 
any r such that 1<r < @. 
Lemma 2. Let O<p<1. Then, for —-w<2z,y<@ 


—>o 


{T'(p)}> * (t—a)pte-itv dt = exp{—}inzpsgn y—izy}|y|-?, (3.1) 


{T'(p)} ' (a—t)pteiy dt = exp{—izpsgny+izy}l|y|-?. (3.2) 


-_ @o 


Lemma 3. Let 0 < p <1, let f(t) and tf(t) belong to L,(—o, 0), 
and let d(x) = Ff; let 


= Fltf(t)] = (27)-3 { (t)e- dt, (3.3) 


where argt = —7a for t < 0, that is to say, t? = e-*7P|t\P for t << 0. 
Then a 
H(x) = {P(p)} tet [ (€—ayp44,(€) dé. (3.4) 
We remark that, according to Weyi’s definition,} exp(}imp)¢,(x) 
is the derivative of ¢(x) of order p, and that the lemma does not: 
hold for any p > 1. 


4. We can easily prove Lemma 2 by the substitutions t = 2 + ?@’. 
The proof of Lemma 3 for p= 1 is an easy consequence of the 
Riemann-Lebesgue theorem; therefore we suppose that 0 < p <1. 


* H. Kober, loc. cit., Theorem 1 (a). 
+ Vierteljahrschr. d. Naturf. Ges. Ziirich, 62 (1917), 296-302. 
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By absolute convergence, we have, for M > x 
M 


FE on re | ¢ x)P- pd ,(€) d 


M 


wh VIO se ik (¢—xyp-te-ttv df. (4.1) 


We can now show that the function 


M 
A(x, y,M) = ly\p | (E—a)pte-tv dé (4.2) 


is bounded uniformly in x, y, and M; (3.4) will then follow from 
(3.1) and (4.1) by the Lebesgue convergence theorem. For y > 0 
and M > 2x+y7-1, we have 
My ry+1 My 
Z(x,y,M) = { (g—zype¥ dé = [ + [ =Lthy (43) 
xy xy zy+1 
and |J,| < p-, while |J,] < 4 by the second mean-value theorem; 
hence Z is bounded. The case x < M < x+y" is trivial. The case 
y < 0 follows in a similar way. Thus we have proved the lemma. 


5. Proof of Theorem 2 

Without loss of generality we may suppose 0 < p <1; for, if 
Theorem 2 is true for 0 < p <1, then it is obviously true for any 
p >1. By (2.2) and ™ Lemma 3, 


27r)- | 


- | gtox dee i (g—xy-3¢,(é) dg (—10 <8 <0). 


- J 
Now, for M > z, the function 


oo M 


pl (€) dé = (2m)-+ | f(tyte dt } (é—z)P-te-ilé de 


is bounded uniformly, in consequence of (4.2), (4.3). Therefore, by 
an argument similar to that of §4, we have 
min(£,«) 


, Qm)-teinelt . 
flea) = C7 J (eae | (E—ap-teede, 


3695.12 G 
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and so 
Qar)—teiml2( & é ; 
f(s, a) = (2 y e*"P | [ $,(é) dé (E—a2)Pletsx dx — 
Mp) te, ae 
— f #64 gf Gate de + 
si [ $4 $p(E) ae | (§—a)P- re da} — = f,+£44. 
By (3.2) and (2.2), 
ei7p(1—sgns)/2 eimp(l—sgns)/2 
a (27r)*|s|P J Pp(E) gett dé = |s|P D,{tf(t)}.- 





Since #f(t) belongs to L,(—00, 00), D,{tf(t)} belongs to L,(—oo, 00) for 
any 7 > 1 (Lemma 1). ei r = 2(2—p+p’)-1, where 0 < p’ < p, 
we atrive at 
s'T, € L,(—oo, —1), s?'T, € L,(1, 0) 
with the aid of Hélder’s theorem. We have still to show that 
8? (I,+1,) € L,(—oo, —1), 8? (I,-+-J,) € L,(1, 00). 

Integrating by parts, we have 

| Qm)-tetml2 Pr Lo 

7. — 7 7 d p—isa | p-1__ 


—a@ 
= 


—(1—p) [ (€—a)p-2ets ae} = I, +Lb. 


—o 





- —_ 


I'(p 


(277) 
. is 


| ste aelone- ay —e-Onlg-+- np t— 


—(1—p) | er(—ax)p* ae} = Is, +-Ig.+-Jgs- 


By Lemma 3, we have 

Ty, = (277)-*(is)e*h(a); La, +152 = —(277)-*(is)*e-*9G(—a), 
and so, by (2.1), Iz, = 0, I, +Jg2 = 9. 

Thus it only remains to prove that both s?J,, and s?'J,, belong to 
L,(—o, —1) and to L,(1,00). For it will then follow that s?‘f(s, «) 
belongs to L,(—0,0), since f(s,«) = D,f is bounded in (—0oo, 00). 
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The proof of the more general assertion of Theorem 2 does not 
present any further difficulties. 
6. We now require 


Lemma 4, Let0< &€ << U < wand 0 < p <1, lets be real, and let 
U 


W(s, €, 0) = | yP-2e-ise dy, 
g 
Then, for A = max{3, (1—p)-1} and for any o such that p—1<o < p, 
| W(s, é U)| < Age |s|7-. (6.1) 
Proof. By direct estimation and by integration by parts, we have 
|W] < (l—p)“*e*, | WI < 3g? | 8|-, 
and so 
|W| = | W|G--+0)H0-0) < (Agp-1)1-p+0( 4 £e-2|3|-1)p-0 — Ago-1|g\o-p, 


which proves the lemma. 


7. Investigation of J,, and Jj, 
Since ¢,(€) is bounded, we have 


a _ 


<= ai) J [ @- x)p-2e%e dx| = a dé { uP—2e-ter dy}. 


| 


—- —a E+a 


K 
|g|1+0'+8 


a 


iis 


=—@ 


a 


Hence |Ion| < js[tte4s 


when, in Lemma 4, we take o = p—p’—85, where 5 = }(p—p’). 
Similarly, 


io 8) 
a 


| Tg <— = | # f yP—2e—isv iv = = 


a €-a 
+1 
fe a) dé < 


|| < 


are |s |s[2+0'+8 


ni <% f @-apsertae<%, =p), 
a+l Is 

Hence both s?Jy. and s?'J,, belong to L,(—o0, —1) and L,(1,00) for 
any g such that 1 < q < o. Thus we have proved the theorem. 
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Finally we state 

THEOREM 1’. Let n be any positive integer, and let f(t) € L,(—o0, 0). 
Then Df = d"(D,f)/ds" belongs to L,(—o0,00) if andonly if Df 
belongs to L,(—00, 0). 


8. Inversibility of the Fourier transformation 
THEOREM 3. Let f(t) € L,(—0,00). Then a necessary and sufficient 
condition that the transform 


$(a) = (2m)-# | fe de (8.1) 


satisfies the inversion formula (1.2) with p = 1 is that, for —0 <t< 0, 
f(t) is equivalent to an integral function of exponential type; if this 
condition is satisfied, then f(t) is the Fourier transform of ¢(—2x) in 
the ordinary sense. 


The equation (1.2) means that there is a number c > 0 such that 


the integral ‘. e 
I, = [ |fQ—(27)> [ p(w)e de dt (8.2) 


exists for any « > c, and that J, > 0 as a> 00. 
The mere existence of the integral J, requires that the function 


fa(t) = (27)-* [ d(w)et dt (8.3) 
should belong to L,(—00,00). Now, by (8.1) and (2.2), the right-hand 
side of (8.3) is equal to D, f. Therefore, by Theorem 1 (i), 


$(a) = $(—a) = 0. 


Hence the mere existence of J, for any a >c implies that ¢(z) 
vanishes for |x| >c. Therefore ¢(x) € L,(—00,00); in consequence 
of the Plancherel theory of Fourier transforms, we have 


f(t) = (20) [ d(aw)et dx. (8.4) 





When we replace ¢t by z = 2+-iy, then obviously the right-hand side 
of (8.4) is an integral function of z, and its modulus is smaller than 
K exp(c|z|). 
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Conversely, let f(z) be an integral function and | f(z)| < Ke! and 
f(t)¢ L,. These hypotheses imply* that ¢(x) = Ff vanishes for 
lx . Therefore, we arrive again at (8.4). Hence I, = 0 for a >c. 

This proves the theorem. 


* See M. Plancherel and G. Pélya, Comm. Math. Helvetici, 9 (1936-7), 
224-48, §6. The corresponding result for f(t) € L, is due to Paley and Wiener, 
American Math. Soc. Coll. Pub. 19 (1934), 12-13. Obviously there is complete 
reciprocity between f and ¢ if and only if f = ¢ = 0. 








NOTE ON CONTINUOUS INDEPENDENT 
FUNCTIONS 


By A. C. OFFORD (Bangor) 
[Received 17 March 1941] 


THE independence* of two real functions f(x) and g(x) is defined in 
the following way. We consider all sets of the form 

E, = E,{a < f(x) < B}, 

BE, = E,{a' < g(x) < B’}, 
where a, 8 and a’, f’ are any numbers and the signs < may be 
replaced by < in any of the inequalities. The functions f(x) and 
g(x) are said to be independent if 

|Z, E,| = |£,| |#,| 

for all possible sets #, and F,. 

It is known that there exist continuous functions which are 
independent.+ On the other hand, it is well known that two con- 
tinuous functions of bounded variation cannot be independent. 

The object of this note is to find some condition which added to 
the condition of continuity makes independence impossible. Here 


there is no question of dropping the hypothesis of continuity, for, 
if one of the functions is permitted to have a discontinuity, then the 
construction of a pair of independent functions becomes trivial. Thus 


\0 (}<2<)), 2—2a ($< e< 1) 
are independent although both are of bounded variation. 

The condition we employ is akin to the condition (T,) of Banach.t 
A finite function g(x) is said to fulfil the condition (T,) of Banach on 
an interval J if almost every one of its values is assumed at most an 
enumerable infinity of times on J. It is known that a function of 
bounded variation fulfils condition (T,)§ and that any continuous 
function which fulfils the condition (N) of Lusin also fulfils condi- 
tion (T,).|| 

* M. Kac, Stud. Math. 6 (1936), 46-58 (47). A similar definition had 
previously been given by Kolmogoroff, Comptes Rendus de l Acad. Communiste 
(1929), 8--21. Cf. also Steinhaus, Actualités Scientifiques, 736 (1938), 57-73 (59). 

+ H. Steinhaus, Comm. Math. Helvetici, 9 (1936-7), 166-9. 

t S. Saks, Theory of the Integral, 2nd ed. (Warsaw, 1937), 277. 

§ Loc. cit. 279. || Loe. cit. 284, 
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Our condition is not so stringent as (T,). We say that a finite 
function g(x) ‘fulfils condition (T;) on an interval J’ if a tleast one 
of its values is assumed at most an enumerable infinity of times 
on I. 

THEOREM. Suppose that f(x) and g(x) are both continuous in the 
closed interval I and that neither is a constant. Then, if g(x) fulfils 
condition (T,) on I, the functions cannot be independent. 


CoroLtLaRry. If two continuous functions are independent in a closed 
interval I and if neither of them is a constant, then each function takes 
every one of its values an unenumerable infinity of times on I. 


Proof. Without loss of generality we may suppose that the closed 
interval J is the interval 0 <x <1. We denote by /[#] and g[£] 
the sets of values assumed by f(x) and g(x) respectively when x 
belongs to the set £. ' 

Suppose that a is a value of g(x) which g(x) assumes at most an 
enumerable infinity of times in (0,1). Let H be the set of values 
of x for which g(x) = a; then, since g(x) is continuous, H is a closed 
enumerable set. 

Consider the set f[H]. This set is also enumerable and, since f(x) 
is continuous and not a constant, there must be a value of f(x), say 
b, which does not belong to the set f[H]. Consider the function 


$(x) = | f(x)—5| 
for x belonging to H. This function is. continuous on H, and H is 
closed, and so ¢(a) must assume its lower bound on H. But this 
lower bound cannot be zero, for then 6 would belong to f[H]. Hence 
there is a positive number 6 such that 


\f(x)—b| > 28 > 0 
for all a of H. Consequently, if b—85 < y < 6+6 and veH, 
\f(x)—y| > 6. 

Now write E, = €,{b—8 < f(x) < 6+3}, (1) 
then, in view of the fact that f(x) is continuous, HZ, is closed and 
|H,| > 0. Indeed, if 2, is a value for which f(x) = 6, then 

\f(x)—b| <8 for |x—a| <4 


say, and so #, must contain the interval (x»—7,% +7). Further, 
the sets HZ, and H have no point in common. 
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Consider next the function |g(x)—a| on the set #,. This function 
is never zero on £, since E, contains no point of H. Also, since EF, 
is closed and g(x) continuous, it must attain its lower bound on 


E, so that lg(xz)—a| > 28’ > 0 


for x € E,. Therefore, if 

By = &,{a—8' < glx) <a+8}, (2) 
E, is an open set of positive measure and has no point in common 
with E,, so that EH, is a part of the closed set CE,. 

Let us now apply the criterion for independence to the functions 
f(x) and g(x) taking for the interval (a,8) the interval (b—8,b+8) 
and for the interval («’, 8’) the sum of the two intervals g(x) < a—é’ 
and g(x) > a+’, which is clearly permissible. Then £, is the set 
defined by (1), and #, = CE, where £, is defined by (2). 

Since Z, and E, have no point in common, £, is part of #,, and so 

|Z, B,| = ||. 
On the other hand, we have proved that |H#,| > 0 and |E,| > 0, and 
this latter implies |#,| <1. Hence 

|B; | |£,| < |H,|, 
1.€. |H, £,| ~ |#,| |£z|, 


and thus f(x) and g(x) are not independent. 
The corollary is an immediate consequence. 








ON EXPANSIONS IN EIGENFUNCTIONS (V) 
By E. C. TITCHMARSH (Ozford) 
[Received 30 March 1941] 


1. In the previous paper* the case where a second-order differential 
equation leads to an expansion in a series of eigenfunctions was 
considered. We shall now consider the more general case in which 
the expansion takes the form of a Stieltjes integral. 

In the proof the Poisson-Stieltjes formula for a function analytic 
in a half-plane will be used in the following form: 

Let f(w) be an analytic function of w = u+iv, regular for v > 0. 
Let it be bounded on each line v = constant, and let its maximum 
modulus on the line tend to 0 as v->co. Let f(w) = p(u,v)+ig(u, v), 
and 2 

J |\p(u,v)|du< M (v>0). (1.1) 
Then there is a function p(x), of bounded variation in (—00, 00), such 
that 


1 dp( 
== -3/ t(*) (y > 0). (1.2) 

m ) 2—w 

Also lim [ p(u,v) du = p(us)—p(w) (1.3) 
v0 Se 
Jor all values of u, and Ug. 

The corresponding theorem for a circle is proved by Nevanlinna.{ 
The case of the above theorem in which p(u,v) > 0 is proved by 
Lengyel.§ As I have not found the general case in the literature, 
I give a proof. 

Integrating f(z)/(z—w) along the straight line (—R+ty, R+iy) 
and round the semicircle above it, where 0 < y < v, and making 
R — , we obtain 


R+iy 
fw) = lim | FO) gy. (1.4) 


27 R+w 2—w 
—R+iy 
* See above, pp. 33-50. 
+ H. Weyl, Math. Annalen, 68 (1910), 220-69. 
{t R. Nevanlinna, Hindeutige analytische Funktionen, 180-8. 
§ B. Lengyel, ‘On the spectral theorem of self-adjoint operators’, Acta 
Szeged, 9 (1939), 174-86. 


3 
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Rt+iy 
Similarly, O= 2 lim | , dz, (1.5) 


art R-o@ 





where w’ = u+i(2y—v). Subtracting the conjugate of (1.5) from 
(1.4), we get ~ 
1 f pley) 

) = — -d. 1.6 
fiw) am | x+iy—w os omy 


= & 


From this and (1.1) we deduce 


CO 


1 r M 
w)| << —— |p(a,y)| da < —, 
Sl < ey) J ipe,y)| de < 
and, making y > 0, |f(w)| < M/av. (1.7) 


Now let - 
fiw) = | fe) dz = p,(u,v)+igy(u, 2), 


v) = [Ae dz = po(u,v)+1q,(u, v). 


By (1.7), fi(w) = Oflog(1/v)} as v0, uniformly over a finite 
wtnteevel. a f.(w) tends to a limit as v > 0, uniformly over a 
finite u-interval. This limit f,(u) = p,(u, 0)+i¢.(u, 0) is thus a con- 
tinuous function of w. 


1 u 
Now fi(w) = —6 | fliy) dy + | fle-+iv) dex 
v 0 
and hence 1 - 


alti) = | a(0.u) dy + { (a0) de 


1 


= Ja (0,y) dy + (u, v)—a(u, »), 


where a 
x(u,v) = 4 { {\p(@,v)|+p(@,»)} de, 


—] 


w(u,v) = 4 j {|p(x, v)|—p(a, v)} de. 
0 


For each v, the functions x and w are non-decreasing functions of 
u, and |x| < M, |w| < M. Let 


P(u,v,h) _ {po(u-+-h, v)—p,(u, v)}/h. 
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Then 


uth 1 
1 
P(uv,h) = 5, | Px(er) de = | 4(0,y) dy +xx(u,,h)—ay(u, 04), 


where 


uth uth 


x(t 0h) = 5 | x(2,v) dz, (u,v, h) = : | w(x, v) da. 


u 


For given u and v, the functions x, and w, are non-decreasing func- 
tions of h, and |x,| < M, |w,| < M. Hence, if (h,,h,+68,) are any 
non-overlapping intervals, 


p32 |P(u, v,h,+8,)—P(u, v,h,)| < > {xy(u, v, hk, +8,)—x,(u, v, h,)}+- 


+ > {w,(u, v, h,+8,)—a,(u, v; h,)} < 4M. 


Making v > 0, it follows that 
>¥ |P(u, 0,h,+8,)—P(u, 0,h,)| < 4M. 


Hence P(u,0,h) is of bounded variation, and so tends to a limit as 
h-+>-+0. Thus p,(u,0) has everywhere right-hand and left-hand 
derivatives p; ,(u,0) and p,_(u,0). Also 
|P(u,v,h)—P(u,v,1)| < 4M. 
Making v > 0 we obtain 
|P(u,0,h)| < 4M+ |po(u+1, 0)|+ |po(u, 0). 


This is bounded in any finite interval. Hence p,(w,0) is absolutely 
continuous, and so is the integral of its derivative, which exists 
almost everywhere. 

Further, y, and w, are non-decreasing functions of uw, for given 
h and v. Hence, if (u,,u,+5,) are non-overlapping intervals, 


>¥ |P(u,+4,, v,2)—P(u,, v,h)| < 4M. 
Making v > 0, then h > +0, it follows that p, ,(w,0) and p,_(u, 0) 
are of bounded variation in (—00,00). Let 

p(u) = d{p5,.(u-+0, 0)+-p2,4(uw—0, 0)} 


(the same p(w) would be obtained from p, _(w, 0) ). 
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Integrating (1.6) by parts we have 

£ x 2 

f(w) = — Py(%,Y) 5 dt = — ; 

co) (a-+-iy—w) ai ae t 

the integrated terms vanishing since “ie = O(1), p(x, y) = O(x) 
for fixed y. In the last formula we can make y — 0, and obtain 


fo) 


i S p(x, 0) 
fw) == | = (1.8) 


To justify this step, we observe that 


ut+iv 


uti s 1 
fe) =(f + f fede = 00m) +0ltog:) 
by (1.7). Hence ii 
P2(U, v)—p,(u, 0) = R [ if (u-+-iy) dy = 
0 


Hence, as y > 0, 


r pal &,y)—PAl%, 9) 7 _ gg 


[ y(|x|+log L/y) 7. 
(c+iy—w) - 


|a/*+v 


and also 


l {cera mao— apap Pl) de = (0), 


| O(«), by (1.9) with v fixed. 
8) by parts we have 


Be D cw | ae me (1.10) 


since p,(7, 0) = 
hailing < (1. 


2 


—w)* 


1 
mt x—w) m Jj (x 
—e — 


and (1.2) follows on integrating by parts again 
Since (1.10) is uniformly convergent, on integrating over (u,, U2) 
and taking real parts we have 
Us a) 
(es, v) du = : Se ——.— —_ p(x) da. 
7 (~x—u,)*?+v2 (a—u,)?+0? 
UW = ap 
(1.3) follows from this by the theory of Cauchy’s singular integral. 
* See E. C. Titchmarsh, Fourier Integrals, 30-1 








ON EXPANSIONS IN EIGENFUNCTIONS 93 
2. Let %(x), the arbitrary function to be expanded, be such that 
u(x) and L(x) are L*(0,00), where 
_ @# ; 
L= qe 4): 
and let (0)cosh+~'(0)sinh = 0. 


In the notation of the previous paper 
, t 
(x, w) ade 9. ( »4 w)b(y) dy, 
\(27) 


(g(x, w)fy,w) (y<2), 

(f(z, w)gly,w) (y > 2), 

f and g being solutions of (L—w)f = 0. The corresponding functions 
for the finite interval (0,a) are Vj(x,w,a), G(x,y,w,a), f(x, w), 
g(x,w,a). Let w,,, %,(%,@), Cy be the eigenvalues, eigenfunctions, 
and ‘Fourier coefficients’ of ¥(x) for the interval (0,a). Then 


where G(x, y,w) = 


Wy sa 


W(x, w, a) ae na Yn (2.2) 


Let w’ be any number with positive imaginary part, and let y,, be 
the Fourier coefficient of Lib(x)—w’y(x). Then* 
m4 (Wp a—W’ ona 


Hence 


wal 


: 1 ] 3 YnaVn(X, 2)| 
WY (x. » ee > le ub z,a)| = —— A hs —|. 
+ (2 u a)| = (2 yw = “n,a@ af )I a/(2ar)v font, w —w’ 


n,a 


Now 


> |ymal® < [ |Leb(x)—w' f(a) ® dx < [| Lap(e)—w' fle) * de 

n 0 2 
Also y,,(x,a)/(w,,—w’) is the Fourier coefficient of G(x, y,w’,a). 
Hence 


2 


~ Pn (x, a) 
he 


a 
ant | |G(x, y, w’,a)|? dy 
n,a | 4 


n 
a 


= |g(x,w’,a)|? [ I f(y, w’) |? dy +| fe, w’)|* | Igy, wo’, a) |? dy. 


0 x 


* See e.g. § 8 of the previous paper. 
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Now g(x, w',a) = g(x, w’)+{l(w')—L,(w’)} f(z, w’), 
where g(x, w’) is Z*(0,00), and either f(x, w’) is L* and 1 +1,, or 


a 


= of | fle,w') dal 


0 
Hence, as a > 00, 


g(x,w',a)—>g(x,w'), — [ Igly,w’,a)|* dy > { \g(y,w')|? dy, 
[ |G(a, y, w’,a)|? dy > [ |G(a, y, w’) |? dy. 
J J 


0 
Hence |. (2, w,a)| < K/v, 
where K is independent of w and a; and so 
[V(x,w)| < K/v. 
VS Cn gq Vn(2t, a) 
Again RY, (x, w,a) = —~ > Pe ott 
N (27) pan (U—Wp,a) + 


Hence 


Uz x 


[ IRY.(c,w,a)| du < V(d7) ¥ lenatn(es@)| <M 


UW 


as before, M being independent of w,, us, v and a. Making a > 0, 
then wu, > —00, U, > ©, it follows that 


| IRV, (x, w)| du < M. (2.4) 


It therefore follows from §1 that 


v0 


(a, A) = lim | (=) { RY, (x, w) du (2.5) 


exists for all real values of A, and x > 0, and is of bounded variation 
in —0o <A<oo. Also 


a A 
‘ v du 
Zz Cra Py(x, a) | (U—Wy,q)*-+ 0?" 
. (2.6). 


A 
| RY, (x, w,a) du = 
0 


v (27) 
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Hence, if 0'< a’ <a, 


a’, 
Making RY (x, w) du} d. ai wed : 
akin aro f{{ (x, w) ul exh Jo Oy (2.7) 


for all a’ and v. Making v > 0, then a’ > oo 


{ @e, A)P dx < f y* de. (2.8) 


3. The function ¢(x,A) corresponds to a finite section of the 
Fourier series of ¢(x). We next express (x) in terms of it. In 
addition to the previous hypotheses, let 

W{g(a, w), y(x)} > 0 (3.1) 
as x > 00 for every complex w. Then, by (5.1) of the previous paper, 


y, w)L > 2 

ey mam | Cmumlon dy. (8.2) 
0 

Integrating along (—R-+7, R+7) and round the semicircle above it, 
we obtain +i 


yb(z) = J6) Jim | Flow) deo 


—R+t 
The integral of the last term in (3.2) round the semicircle tends to 
zero, since it is O(v-*|w|-*), as in the particular case discussed in 
(III) of this series. Hence also 


wa) = /(2); lim [ Rr u+t) du. 


Now 
R+i —R+i8 R+i8 R+i 
[ ¥ew)dw=( f + f + f \eudu, 


—R+i -R+i —-R+id R+id 
R R 


| RY (x, u-+-i) du = | RY, (x, u+i8) du + 


—-R —R 


1 1 
+ [ T¥,(e, -—R+iv) dv — | I¥,(x, R+iv) dv 
Fy 5 
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ahs F dpe, A) 
¥,@,0) = Fam) J A—ww 


— © 


> 


IY, (z,w) = — 7 ay fa aa _ dd(x, A), 


1 a) 
IY, (x, R+iv) dv = cidien J are tan, FR arctan e dd(x,A) 
a\(27) A—R 


af A ro) 
= 0 [ lagee,ni+o [ +0 | japce, a) 


—% A 


—@® 


which tends to zero as R—- oo (choosing first A and then &), uni- 
formly with respect to 5. iets on making 6 > 0 and Roo we 


x 


(a) = lim {f(a, R)—d(x, —R)} = [ dd(a,d). (3.3) 


?—> 00 
R ea 


obtain 


Again, (2.5) may be written 


$(a,d) = 


x A oo 
Lima j g(x, w) du ( Sly, why) dy + [ f(x, w) du [ g(y, w)b(y) dy}. 
; (3.4) 


Since g(x,w) = F(x,w)+1,(w) f(x, w), and F(x,u) and f(x, u) are real 


for real wu, this gives formally 


(3.5) 


d(a,A) = -={ Il,(u) f(x, u) du j Sly, wb(y) dy. 


0 


Hence (3.2) takes the form 


2) 


d(x) = = | Il, (u) f(x, u) du | Sly, wbly) dy 


This will be valid in particular cases, but in general it has to be put 


into a form involving Stieltjes integrals. 
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4. We shall next prove some lemmas. 
A 

LEMMA «. f Il,(w) du 
0 


is bounded for0 <A<Ay, v>O. 


Consider the case of a finite interval with no singularities. Then 


agra 
—w 


n,a 


G(x,y,w,a)p,(y,a) dy = 


Putting x = 0, 


f(0,w) | gly, v,4)bn(y,@) dy = SAN, 


n,a 
Differentiating and putting x = 0, 


a 


fa(0,) } a1y,1,4)n(9,0) dy = 7° 


Hence 
r (0, a)sinh—z},(0, a)cos h C 


 g(y, w,ayb,(y,a) dy = * a - - = ——4_, 
} ™ Wnq—Wv Wn,a— 


say. Thus, by the Parseval theorem, 


a : od C2 
ee a. " Sere 
[ Ig.a)I*dy = > eae 


0 
Hence 


A a A 
du 
] 2 j — 2 ee 
J a J ota, a) dy i Cel are 
0 0 a= 0 ‘ 


Now, for a fixed A and 0<v<l, 


v du _, 1 
facts 2+-y2 w2 tl) 


Hence the right-hand side of (4.2) is 


(5 > ait) off fi yi, ay ay| = -: oft finwnray 


3695.12 H 
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Making a > 00, we obtain 
A ~ l 
ha | Ig(y, w)|? dy = a7) 
0 


and the lemma follows, since* 


I,(w) = v | |g(y,w) |? dy. 
A ‘ 1 
Lemma B. J 1t(u)| du = O(log) 


for0<A<A%,v>0. 


Poisson’s formula for the circle with centre u+-7 and radius r gives 


ae Fs py uti+re4tw ’ ; 
il,(w) = a | | Il,(u+-i+re rere san dé +-iRI,(u+7). 
0 


Hence on . 
. , f I,(ut+i+re”) é 
Iiy(w)| < K J i TE 
=. : 
jr. siininied | mc arn 


by Lemma a. Supposing v < 1, let r = 1—4v. Then according as 
|0-+- $7| lies in the ranges (0, v), (v, 477), (47, 37), s 


\re9+-i4—iv| > 4v, A|O+3x!, A 
respectively. Hence the right-hand side is 


of “+0| | ac +00) = oftog2) 


|0+- 3a 
\0+4al<v v<|0+42|<37 
Lemma v. There is a non-decreasing function k(u) such that 


A A 
lim | Ig(x, w) du = { f(x, u) dk(u) 
vio: 


except possibly for an enumerable set of values of 4, and X. The left- 
hand side is bounded if X and x lie in finite intervals. 


* See the end of § 2 of the previous paper. 
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Consider the analytic function 


$(w) = [ Ly(vo') deo’. 


A 1 
By Lemma f, | du | \L,(w)| dv 
0 0 


1 
is finite. Hence | |L,(w)| dv 
0 


is finite for almost all uw, and so ¢(w) tends to a finite limit as v > 0 
for almost all uw. If w) is such a value, write 


Uett Uy +iv u+iv 
16w) =1( f + f + f Siew aw’ 


Ugtt Up tiv 


Then it follows that 
ut+iv 


lim | I1,(w’) dw’ = k(u) (4.3) 
cia Up +iv 


exists for almost all w. Since I/, > 0, k(u) is non-decreasing. 
Actually the limit (4.3) exists wherever k(u—0) = k(u+0). For, 
given e, we can find 6 and 8’ such that 
k(u+8)—k(u—38’) < e. 


u u+8 
Hence | Il,(w’) du < | Il,(w’) du’ <e 
u—s u—s 


for v < vp. Hence 


| { Wy(w’+iv) du’ — | Il,(u’+-iv’) du’| < 2 
| @ 


‘Uo Uo 


if v and wv’ are sufficiently small. Hence k(u) exists. 
Suppose now that k(w) is continuous at Ay and A. We have 


A A 
( Ig(x,w) du = | {LF (x, w)+RI,(w)I f(x, w)+11,(w)Rf(x, w)} du. 
Ne ro 


Since F(a, u) and f(#,w) are real for real u, LF (x,w) and If(x,w) are 


2078188 
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O(v), and the first two terms tend to 0 with v, by Lemma f. The 
third term is 


[Id(w)Rf(x, w h- f 14 w)Rf,(x, w) du 


Xo 





A 

—> [{k(u) + C}f (a, u) h- [ {k(u) + O}f,,(x, u) du 
‘ 

A 


= | f(x, u) dk(u). 
A 


The process is justified since I¢(w) is bounded, by Lemma a. 
oA 








Lemma 6. | f Ig(x, w) au) dx 
0 
is bounded for 0 <A < Aj. 
By (4.1) 
rl ped Cas 
, v du a - 
| | Ig(x, Ww, a) dulce a) dy = ( n,a | (Wpqg—U)?+v = oat) 
0 0 


Hence ha Parseval theorem gives 


Ge cae (7 4 |2 . 
i f Ig(x,w ,a) du) dy = o> i+w? seta | |g(a, z, a)| ae}, 


and the result follows as in Lemma a. 
a7 A 2 1 
LEMMA ec | f Rg(x, w) au) dz = O{log*- 
0 0 


for0<A<A. 
The proof is similar to that of Lemma 5, except that we obtain 
A 


{ Wn,a— U 
, du 


| (Wy g—U)?+ y2 


= o| [ Jena" ay\ + o| | ae | = ofte2) 
d ve J | ; IVna—¥| v 


|Wn,a—Ul<v |Unag—Ul>v 


© 


uniformly in w,,,. For large |w,,,| it is O(|w,,,|-1), so that it is 


Of 2 +1)- Hog | 


for all wy q 
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5. We can now prove the following theorem.* 
Let w(x) and Inp(x) belong to L*(0,00), and let (x) satisfy the 
boundary conditions (2.1) and (3.1). Then 


d(x) = | fw,u) dg(u), (5.1) 


where &(u) is of bounded variation in (—00, 00); and 


@ 


E(u) = | Hy)x(y.w) dy, 


0 
A 

where x(y,A) = | fu.» dk(u), 
0 


k(u) being a non-decreasing function of u. 
Since IF (x, w) and If(x,w) are O(v) as v > 0, 
I{g(x, w) fly, w)—f(x, w)gly, w)} 
= K{F(z,w) fy, w)—f(, vw) Fy, w)} = O(v) 
uniformly for x,y and w in finite ranges. Hence (3.4) reduces to 
A 2 
#a,2) = Zim | flew) du | oy, wh) dy. 

0 0 


By Lemma ¢ 


i du { Rg(y, why) dy = O(log). 


Since If(x,w) = O(v), If,(z,w) = O(v), it follows on integrating by 
parts that 5) <0 

lim [ If(x,w) du [ Roly, w)b(y) dy = 0. 

“— 0 0 


A oe) 
Hence ¢(x,A) = = lim | Rj (x, w) du | Ig(y, w)xp(y) dy. 
3 3 


A es) 
Let &(A,0) = | du | Igty, wy) dy. 
ro 0 


* Weyl, loc. cit., Satz 7. 
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Then 
$(x,d)—p(e, Ao) = Lim {e0 o)Rf (a, A+iv)— 
TT v0 


A 
—£0o,2)Rfle,Aoiv)— f E(u, Rfu(e,u-+iv) du. 
ro 


By Lemmas y and 3, and Lemma y of the previous paper, 


lim £(A, v) = [or A) dy = &(A), 


v0 


where x(y,A) = fr fly, u) dk(u), 
o 
and A, and A are points of continuity of k(u). Hence 
A 


#2, )—d(e,do) = ={E0)f(0, 2) EA) fle a) — | E(w) fale.) au, 
r 
(5.4) 


Since f(0,u) = sinh, f,(0,u) = cosh, f,,(0,u) = 0, f,,,(0,u) = 0, 
we obtain on putting x = 0 


$(0,A)—4(0, Ao) = 


If sinh + 0, it follows from §2 that £(A) is of bounded variation in 
(—oo,00). If sink = 0, we obtain 


be(0,2)—$.(0, 29) = ++ —{EA)—£0g)} 


{E€(A)—E(Ap)}sin h. 


1 
7 


Now ¢,,(0, A) is also of bounded variation in (—0o0, 00); for 
+4,(0, a)/(w’ —wWy, a) 


is the ‘Fourier coefficient’ of g(y, w’), and we obtain as in §2 
| [RY (0, w)| du < M. 


It follows that in any case €(A) is of bounded variation, and we may 
write (5.4) as 


A 
$(2,d)—-4(2, %») = = | fl, u) dé(w) (5.5) 
A 


since x(y,u) and so also é(u) are continuous at A, and A. 
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Let us define k(u) at discontinuities by 

k(u) = {k(u+0)+k(u—0)}. 

Then x(y, u) and £(u) satisfy similar relations. Since, by §1, 4(z, A) 
also satisfies this relation, (5.5) holds for all Ay and A. Taking A, = 0, 
the theorem follows. 

6. The representation of (x) has the following orthogonal pro- 
perty. 

IfO<A<N<p<p,or0cp<cp' <A<N, 


{ {($(e, )\—$(@, N)}G(a, w)—(@, w’)} dx = 0. 


By (2.6) and the Parseval theorem 


a V 
J “ w, oan RY, (x, w’, a) du’ 


vdu v’ du 
“i 2,% Lae ‘co | eater 


n=1 
Suppose that A < 1’ <p <p’. Then for every w,,, either 
|u— Wy al > 3(u—d’) or |w’—Wy, «| > 3(u—d’). 
Hence the right-hand side does not exceed 


; f4Q’—A)w 4(u'—p)o 
3D. chamax{ a | 


_ 2max{(r’—A)v, (u’—1)0"} ye ay 
uN? | Pa 


co 


Now, if ¢(x) = 0 forz > A, 


W(x, w, a) —¥, (ae, w) = (I—1,)f (x, w) j fly, wybly) dy 


~ ee ) 


for a > A. Hence, as a > 00, 


[ (%.(@, w, @) —¥F, (a, w) |? da 


0 


>0 








a A 2 
< HAE f iste de} [ fy, rbo) dy 
0 0 
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by (2.12) of the previous paper. This result also holds for any % of 
I’, since we can replace A by © in the left-hand side with error 


o( f ip? dz). Hence, on making a-> oo in the above inequality, we 
A 


obtain 


w 


fe) > 4 
| [ de | RY,(x,w) du | RY,(z,w') au’ 
'0 i B 


(u—A’)? 
Making v0, v’ > 0, and using Lemma y of the previous paper, 
the result follows. 


< mtn a 
0 


7. We now turn to the general case* of all functions x(x) of L*(0, 00). 
We first require the following result. 

Under the special conditions of the above theorem, 4(x,A)—4(x, —A) 
converges in mean to x(x) over (0,00). 

By the above theorem, ¢(x,A)—¢(x, —A) tends to (x) uniformly 
over any finite interval. By (2.8), with the interval (0,A) replaced 
by (—A, A), 

| $@.—p@, —A}P* dae < [ (H(a)}? de. 
d i) 
Hence by Lemma y of the previous paper 


lim f He) He)—$(2,d)-+$(e, —A)} de = 0, 


Hence 


lim [ {p(x)—d(w,A)+-$(e, —A)}? de 


A> 0 


= Tim | f (4(a)}* de —2 [ H(er{$e,2)— le, A) de + 


+ f (2, —#(e, AP de] 


= lim |- [ fub(ze)}2 dar + I ($(e,a)—#te, —))}? aa] <0. 
ol ; 


Since it is clearly not negative, the result follows. 


* Not considered by Weyl. 
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Now let (x) be any function of Z*(0,00). Then there is a sequence 
W(x) of functions of the special class such that ¢(7) = Lim. ¥™(z). 
Let d™(x,A) correspond to ¥™(x) as the above ¢(x,A) corresponds 
to %(x). Then, by (2.8), 


[ {#m(ae, A)— GM (ae, )}? der < f {r(x —Wr(a)}* de, 
0 0 
which tends to zero as m and n tend to infinity. Hence ¢™(z, A) 
converges in mean, to ¢(x,A) say. This ¢(x, A) is L*(0,00), but is not 
necessarily of bounded variation as a function of A. 

We have 


[ U@)—$(e, A+ $e, —A)}* de < A f (pe) —W(a)}? de + 
0 


+A | (Ha) —4™(e,2)+-g x, —A)} de + 


+A [ {$""(a2, A) —A™a, —A) —G(x, A) +-4(x, —A)}? dex, 


which can be made arbitrarily small for A > A, by choosing first n 
and then Ay. Hence ¢(x,A)—¢(x, —A) converges in mean to (2). 

Defining £(u) by (5.2), &(u) > €(w) boundedly over a finite range. 
Hence as ” > 00 


A 
g(x, d) = *feomoayfia,»)— | ™(u)fle,u) du] 


l A 
> ={eaypee.a)— f eew)fute,m) aul 


for every x and A. Hence we have the following theorem. 
Let x(x) be any function of L*(0,00), Then 
p(x) = Lim.{p(x,A)—¢(x, —A)}, 


A 

where $(x,A) = *{a) flee, 9)— | &u)fiule,) aul, 
4 

E(u) being defined by (5.2) and x(y,A) by (5.3). 


Again, let o(A) = f a(x) h(x, A) dx. 
} 0 
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We have 
| b(a)RY, (x, w) da = ./(2r)v | W.(a, w)|? da > 0 
0 0 


for v > 0. Hence 


{ ve) dx i RY, (x, w) du 
0 0 


is a non-decreasing function of A for every positive v. By (2.7) it is 
a bounded function of A and v; by (2.5), (2.7), and Lemma y of the 
previous paper, it tends to o(A) as v > 0. Hence o(A) is non-decreasing 
and bounded in (—o0,00). Also 

{ do(A) = lim {o(A)—o(—A)} 

J A> @ 


— 2 


[-@) 


= Tim | (x)$(e,A)—$(x, —d)} de 


= | {yb(2)}? dav. (7.4.. 
0 


This formula contains the Parseval theorem of the ordinary cases. 
Suppose, for example, that the only singularities of ‘Y,(7,w) are 
poles, so that the expansion is a series. Then, as in § 6 of the previous 

Japer, , 
pap o(A) »> a 
where the c, are the Fourier coefficients, and the dash indicates that 
terms with w, = 0 or A are halved. Hence (7.4) becomes 

+a= [ {ab(a)}* da. 

n=1 * 

0 

Suppose on the other hand that k(u) is absolutely continuous. Then 
we have formally is 


xly.d) = | fly, u)k'(u) du, 


i+ ¢) 


E(u) = [ oy)fly, wk’ (wu) dy, 
0 
A 


$(z,d) = + | fla, u)é’(u) du. 


0 
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Hence 


A co 
a(0) = = | £(u) du | Wearfle,w) de = 1 /€0 re ss 


Hence (7.4) becomes 
2) : 2 2) 
~ | A au = | {Hej ae. 
—@® 0 


8. Example. As an example of the above analysis, let L = d*/dz*. 
Then 


f(x, w) aan pom, 


als cosh 


nh— a (s inh 


e-ev w. 


F(x,w) = 3(c0s shoe 


ervwt Ea 5 (008 h — *- *) 
2 Vw | 

We have to determine /,(w) so that g(x, w) = F(x, w)+1,(w) f(x, w) is 

I*(0,00) for I(w) > 0; since |e*“”| is large at infinity the only such 

function is sin h-+vw cosh 

cosh—Vwsinh’ 


0 (u > 0), 


L,(w) = 


As v> 0, lim Il,(w) = J(—u) 


cos2h—wu sin2h 


(u < 0). 
0 (A> 0}, 


| fu.m a8. du (A< 0). 


cos*h—u sin?h 
A 


The resulting integral formula is 


Hence x(y,A) = 


Vu - 
oth ying te) du | Sly, —wrbty) dy, 
0 
cos Asin avu 


Vu 


where —u) = sinhcoszv¥u— 











ON THE RESULTANT OF TWO FUNCTIONS 
By M. M. CRUM (Ozford) 
[Received 31 March 1941] 
THE object of this paper is to prove the following theorem: 


THEOREM. Let f(x), g(x) belong to L(0,c). 
zx 

Let h(x) = | f(y)g(x—y) dy. 
0 


Then, if h(x) is null in (0,c), f(x) is null in (0,a) and g(x) is null 
in (0,6) where a+b = c. 

The theorem is proved by Titchmarsh} by means of an importar t 
but difficult theorem on certain integral functions; the present proof 
is intended to be simpler. 

We require three lemmas. The first is a standard Phragmén- 
Lindeléf theorem, stated here for reference in the form in which it 
is needed. 

Lemma A. Let F(w) be regular in and on the boundary of R, where 
R lies inside the region 

A < am(w—wy) < p. 
Let F(w) be of ordert less than w/(u—A) in R. Let |F(w)| < M on 
the boundary of R. Then |F(w)| < M in R. 

The proof is the same as that of the main Phragmén-Lindeléf 
theorem. 

Lemma B. Let F(w) be regular in and on the boundary of R, where 
R lies inside R,+R,+R3, and R, is the region 44 < amw < py, R, 
is the region A, < amw < py, R, is the region |w| <p. Let F(w) be 
of order less than 7/(u,—A,) in RR,, and of order less than 7/(u.—Az) 
in RR,. Let |\F(w)| < M on the boundary of R. 

Then | F(w)| < M in R. 

Let M,, M, be the upper bounds of |F(w)| on the boundaries of 
R(k,+R,), R(R,+R;). By Lemma A 

|F(w)| < M, in R(R,+ Rs), |F(w)| < M, in R(R,+ Rs). 
Hence F(w) is bounded in R. 


+ E. C. Titchmarsh, Proc. London Math. Soc. (2) 25 (1926), 283-302, and 
Fourier Integrals (Oxford, 1937), 323-8. 
{ F(w) is of order p if it is of the form exp(|w|’**) for every positive e. 
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Let wy be distant 5 from any point of R. If there is in the first 
instance no point outside R, we can supply one by a conformal 
transformation. Let 

F,(w) = 3¢(w—wy)-*F (w). 

Then |F.(w)| < M on the boundaries of R, and F.(w) is o(1) as 
w|—>oo in R. Hence |F.(w)| < M in R, or, letting « > 0, we have 
F(w)| < M in R. 

Lemma C. Let F(w) and G(w) be analytic functions of w = u+iv, 
regular foru>0. Let |F(w)| <1, and |G(w)| <1 foru=0. Let 
F and @ be of order 1 for —4a < amw < }r, and let neither be 
identically zero. Let |F(w)G(w)| < e-“ for u>0. Then there exist 
a and b such that a+b = c and 


| F(w)| < e-%, |G(w)| < e-” for u > 0. 
Let F*(w) = F(w)F(®), G*(w) = G(w)G(w). 
Then the same inequalities hold for F* and G* as for F and G, with 
2c replacing c. 
We consider the regions R,, R,, in which respectively 


\F*(w)e2"| > 1+e, |G*(w)e*F-| > 1+e, 


where a and f are any fixed real numbers whose sum is ¢, and « is 
positive. We wish to show that either R, or R, is empty. 

Suppose neither is empty. Let w, be in R,, w, in R,. Let W, W, 
be the connected regions of R,, R, including w, and w,. Suppose 
that, for some p, W, contains no real point u,, where u, > p. Then, 


by Lemma B, |F*(w)e2] <1te in WM, 

Since, by definition of W,, the reversed inequality holds, we must 
have F*(w)e2*” = (1+ e)e, a constant, and this contradicts 
F*(iv)| <1. Hence there are arbitrarily large real values of w in W,, 
and so also in W. 

Let u, be in W,. Then we can find wu, in W, where wu, > u,, and 
uz in W, with us > uy. Since W, is a connected region we can connect 
u, and us by a curve y in W,. Since F*(w) is real for real w, the 
reflection 7 of y in the real axis is also in W,. On these curves we have 


|G*(w)e2h| < 1/(1+e). 
Hence, by the maximum-modulus theorem, 
|G*(ug)e*Pus| < 1/(1+e), 
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which contradicts the definition of u,. Hence either R, or R, is 


empty. 
Suppose that for some w, and w, 


| F*(w,)| > e-20%, | G*(w,)| > e-2P us, 
Then, for some positive e, 
| F*(w,)| > (I+e)e*a, || @*(we)| > (1-te)e-*P 
Since we have shown that this cannot be so, it follows that 
either |F*(w)| < e-?% for all wu > 0 
or |G*(w)| < e-*8« for all u > 0. 

Let a be the upper bound of « for which the first holds. If it 
held for all «, #* and F would be identically zero; if it held for no 
a, the second would hold for all 8, and G* and G would be identically 
zero. Hence a is finite. Then, for « > 0, |F*(w)| < e-*¢-© for all 
u>0. Letting « > 0, we have | F*(w)| < e-*¢ for all w > 0. 

Also, for « > 0, we can find w, such that 

[P#(w,)| > e-taronn, 
and so for all wu > 0, if b = c—a, 
|G*(w)| < e-%-©u, 
Letting « > 0, |G*(w)| < e-*8 for all u > 0. 
Now for real w 
|F(u)| = |F*(u)|# < e-™, = |G@(u)| = |G*(u)|* < e™. 
Applying Lemma A to F(w)e*” and G(w)e’” we have, for all u > 0, 
\F(w)i <e-™, —— |G(w)| < e™, 
where a-+-b = c. 


Proof of the theorem. We may suppose that 


[lf@)\de<1, — f |g(@)|dx <1, 


0 


and that f and g are null for x < 0 anda > c. Then A(z) is null for 
x<cand2z > 2c; and 
ze zee 
J I(a)| de = [ dz | fy)oce—y) dy) 
"oer C 0 
c 


|dy | \gle—y)|d = | fei ay y { lg@)|de <1 


0 
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Let F(w) = { f(x)e-*™” dz, G(w) = f g(x)e-™” dx. 
i} 6 


Then |F(iv)| <1, |@(iv)| <1], 


and 


2c 2c e 
H(w) = | he)e= dz = jor dx | fyg(e—y) dy 
0 0 0 


2c 


= | fy) dy | eg(e—y) de 
0 


0 
ce c 


= | flyje™ dy | gaje-*” dx = F(w)G(w). 
0 0 


Hence 
1 2c 2c 


| F(w)G(w)| = | [ (we dar} < Jem | | |h(x)e#-| dar < em, 
c ’ c 

if u > 0. 

Hence by Lemma C either F(w) = 0 or G(w) = 0 or there exist 
a and 6 such that a+b = c, and |F(w)| < e-*“, |G(w)| < e~ for 
u > 0. 

Hence* in any case f(x) is null in (0,a@) and g(x) is null in (0,6) 
where a+b = c. 


+ Titchmarsh, Fourier Integrals, 325. 








EXPANSIONS OF APPELL’S DOUBLE HYPER- 
GEOMETRIC FUNCTIONS (II) 
By J. L. BURCHNALL (Durham) and T. W. CHAUNDY (Ozford) 
[Received 27 April 1941] 

In a previous paper under this title (5) we obtained numerous 
formulae involving the elementary hypergeometric functions of 
Appell’s type. From these a large number of other formulae are 
deducible as corollaries. It would be tedious to put all these on 
record, and we collect here typical examples that should be suffi- 
ciently representative. For the most part these formulae appear as 
special cases of corresponding formulae of (5) arising from special 
values of the arguments or the parameters; in particular, the bulk 
of them relate to the double confluent hypergeometric functions 
discussed by Humbert. We begin, however, with some extensions 
of our main formulae. , 


1. Extensions to functions of higher order 
Appell’s functions have been defined in terms of products of.simple 
hypergeometric functions, with one or more parameters the same, 
in a way that we have written symbolically* as 
F[a;b,b’;c;2,y] = V(a)A(c) F(a, b; c; »)F(a, b’;c;y), 
Fla; b,b’;c,c’;x,y] = phase "(a,b;c; x) F(a, b’;c’;y), 
F®[a,a’;b,b’;c; x,y] = A(c)F (a,b; c; x) F(a’, b’;c;y), 
F®[a,b;c,c’; x,y] = “i )V(b) F(a, 6; c;x)F(a,b;c’;y), 
where V, A are symbolic operators defined as 
D(h)P(8+-8' +h) A(h) = P(S+A)T(8' +h) 
T'(8+A)P(8’ +h)’ T(h)C(8+8'’+h) 
If now we extend these formulae so that on the right the parameters 
of V, A and the F’s are all different, we get on the left double hyper- 
geometric functions of higher order. Thus 
V(h)A(k) F(a, 6; c; x) F(a’, b’; 0c’; y) 
“22 ain ONC 
2! (kK) nan(h)m(C)m(2)n(C’)n 





V(h) = 


m=0 n= 


h:k,a,6;k, a’ ,6’: 
he: b,c’; 


* (5) §1. 
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V(h) F(a, 6; c; x) F(a’, 6’; c’;y) 


(1) m-+n(@) (5) n(@’ \n(b’ Mn m 
ate 


A(k) F(a, 6; ¢; DFC, 0’:¢ ta 


(4) (@) (ODDO ga 
mn! (K)msn()ma(C )n 
k,a,b;k,a’,b’; 
r my], 


C3 Co; 


y", 


; x) F(a’, b’; c's y) 


 (h) m+n) min(@) (8) m(@ \n(b’ \n 
m!m! (h)n(K)m(C)m()n(F)n(C’ Dn 


a0: 0% 
Sich ne*®) (10) 


= ymy* 


in a notation that seems more economical than that suggested by 
Appell and Kampé de Feériet.* 

The expansions for V, A, VA given in (5) §2 are still valid, and 
we obtain expansions analogous to those of (5) §3. For example, 

h:a,b;a’,b’; 
F 0 WV» ? ? ? 

h,c; re 

 (a),(6),(a"),(0"), 
rl (h),(C),(C’), 


xaty’ F(a+r,b+r;c+r;2)F(a’+r,b’+r;c’+r;y), (11) 


| k,a,6;k,a’, 6’; 
F k: . x,y 


C; C; 





(k),}?(a) VO ary pl eb a+r b+95 
Ps Ya tate e )r iio 2A k+2r, e+r “| ss 


k+r,a’+r, b’ +7; 
xah| k+2r,c’-+r v|, (12) 


* (1) 150. 
I 
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[h:k,a,b;k,a’, 6’; 
coy h,c’; fay] 
= r)}*(k—h), (a) (b),(4)-(6') 
re 


k-+r,a+r, b-+-r; | - 
(k-+r—I),( k)o,(h),(C),(C’), 


k+2r,c+r 
k+r,a’+r, b’+7; 
A} 13 
” | k+-2r,c’-+-r ‘| GR 
are analogues of (5) (26), (28), (30). To recover the original formulae 
as particular cases we write h = a’ = a in (11) to give (5) (26) and 
so on. 
If in (13) we put h = $k, we get 
tk: k,a,b;k,a’,b’; 
| k: th,c; tk,c’; x.y| 
{(£),}°(a),(),(a’),(6’) r. ,a-+7, 6-7; | 
L VN TN TN TY ote x 
ri(k+r—1),(ka(c)(c), 9? 2 k+2r,c+4 
k+r,a’+r,b’+r; 
x F. > > > 14 
3 | k+2r,c’+r v|, ( ) 
where the terms in the summation differ only in sign from those 
in (12). 


2. ‘Duplication’ and other formulae for ,/, 

We collect here some formulae involving only the simple hyper- 
geometric function, of which (21) and (24), where the argument is 
respectively doubled and squared, may be regarded rather loosely 
as ‘duplication formulae’. 

We note firstly that, since 

Fa; b,b’;c;2,2] = F(a,b+6';c;2), (15) 
we have from (5) (30) 
, — (a),(b),(b') (e— 
b b -c:x4) = r or 
x F(at+r,b+17;c+2r; alike b’+r;ce+2r;x), (16) 
which we can regard as an addition-formula in the arguments J, b’. 
From (5) (31) we derive the inverse formula 


F(a,b;c;x)F(a, ples 


am aie @)(O) (OV (C— 4), aor Plat, b-+b'+2r30-+2r;2). (17) 


rl (c),.( oy 
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If in this we put 
(i) c = b+0’, (ii) 6b = 4c+4, b’ = 4c—H, (iii) b = b’ = fe, so that 
b+-b’ = c throughout, we get respectively 
F (a,b; b+-b’; x) F(a, b’;b+-6’; 2) 
a,b, b’,b-+-b’ . 
= (l—2z x*/(x—1)}, (18 
O-aPl sy" soi) 4oseeye—D) 0 
F(a, 4c+-4; c; x) F(a, $c—}4; c; x) 
- (1-2) | 


a,c—a, }c— 


$3108 
oe Pate], a9) 


@,c—a,}c;, 2 ‘ 
Sey Ie—D]- 20) 
The formula (18) has been given by Bailey,* who showedf that it 
could be derived from a result of Watson’st which is equivalent to 
our (5) (51). 
If in (38), (44), (46) of (5) we put y = a, using (15) above in the 
first and third of them, we get 


{F(a, 4c; c;x)}? = (1—2)-*4F| 


F(a,b;c; 2a) =>§ he Cha Fa+2r,2 26+-2r;c+2r;x), (21) 


F(a,b;c; 2x—2?) = a ara 


(— x*)"F(a+r,b+r;c+1r; 2x), (22) 


F (a,b; c;2a—z?) = — (2)()(C—@)p ¢__ —2x*)' F(a+r, 26+ -2r;c+2r; x); 


toe 


(23) 
and, if in (50) of (5) we put y = —z, we get 
(a),(b),(c—a),(c—b) 
2) r ia 
(a, 0505 a) => r! (c+r—1),(C)oy “ 
xa" F(a+r,b+r;c+2r;x2)F(a+r,b+r;c+2r;—z). (24) 
Corresponding inverse formulae can be obtained from the inverse 
formulae (39), (45), (47), (51) of (5). 
If in (24) we make a or b equal to c, we get an identity of the form 
(1—a?)-* = (1—a) "(1.2)" 
of which (24) can be regarded as a generalization. 


* W.N. Bailey (2) (6.3). t loc. cit. § 7. 
t G. N. Watson (10) 195 (the last formula). 


+ 
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The expressions (21), (22), (23) are readily obtained if the hyper- 
geometric functions are replaced by the suitable Eulerian integrals. 
If we make this substitution in (24), we get the equality of integrals 
1 
B(a,c—a) | U-(1—U)p-(1—U2?)-4 dU 
0 
21 
= t4-1y>-1{ (1 —t)(1+-uax)}°-4-1{(1—u)(1—ta)}°1 x 
00 
x {(1—ta)(1+-ux) —a*tu(1—t)(1—u)} x 
x {(1—ta)(1+-ux)+a*tu(1—t)(1—u)} dtdu. (25) 
Replacing the beta function by the Eulerian integral, we get an 
equality of integrals of the form 
13 F 
[[ AcB°CeD dTdU = [{ atphy didu, 
00 00 
where A, B, C, D are functions of 7’, U (and x) and «, B, y, 5 are 
functions of t, w (and x). The best-known example of this type comes 
from the expression of B(a,c—a)B(b,c—b)F(a,b;c;x) as a product 
of Eulerian integrals, i.e. as a double integral, in which interchange 
of a, 6 gives a pair of equivalent double integrals. It is always easy 
to obtain the equivalence by direct transformation of the integrals, 
for we find that the four relations 
A=a, B=, C=y, Path 
O(t, u) 
are consistent: in fact they give a (1, 1) transformation between 7', U 
and ¢,w which transforms the square 0 < 7’, U <1 into the square 
0 <t,uw <1. Whether a theory has been worked out of (1, 1) trans- 
formations that leave the unit square invariant (with extensions to 
the unit cube, etc.) we do not know. 


3. The confluent double hypergeometric functions 
If, in the simple hypergeometric function, we write 1/e, ex for b, x 
and take the limit «+0, we get the confluent hypergeometric 
function lim F(a, 1/e;c;«x) = ,F,(a;c; x). 
«0 
A second limit gives 
lim ,F,(1/e;¢; «x) = 9F(c; 2), 
«0 


where ,f, is expressible as a Bessel’s function. 
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Similar limiting processes in the double hypergeometric functions 
give, in addition to products of F, ,/, ,/,, and functions of x+y, 
the seven confluent double hypergeometric functions ®,, ®,, ®,, ‘Y4, 
‘,, =,, E, in Humbert’s notation:* in all, fourteen functions, which 
we can group as follows: 


(@)m+n(O)m 


®,(a;b;c;2,y) = m!n! (c) 


xy" 
m+n 


(2)m+n(®)m 


F(a; b;¢,c’;2,y) = mn! (C)m(C’n J 


(4) m(?)m(@")n 


amy” 


(2) m(2')n myn 
min! (min 


(@)min 


In! (C)m(C’)n 
14(a;¢; x+y); 


a\” amy” 
! (c) m+n 





~ gmyn 


nen (III) 

F(a; ¢; x) M(c's y); 
A(c5%) A (c'sy) and ofi(c;x+y). (IV) 
The grouping is by the suffixes in the numerators: in (I) they are 
(m,m;n), in (ILA) (m,n), in (I1B) (m,m), and in (III) merely m; in 
(IV) the numerators are unity. The numeral indicates the degree of 
‘confluence’, i.e. the number of limits that have been taken. In 


(II 4) and (IV) there is symmetry between the suffixes; the others 
are ‘skew’, i.e. one suffix (m) predominates in the numerator. In 


* P. Humbert (8), or P. Appell and J. Kampé de Fériet (1) 122-6. 
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(I), (LB) we need |2| < 1 for convergence; the convergence is other- 
wise unrestricted. 

The double confluent functions, like the double functions F®, can 
be built up from the elementary functions by use of the symbolic 
operators V, A. Thus from (I), (II), (III) we have for the skew 


functions 
®, (a; b;c; x, = a)A(c)F (a,b;c;x),Fi(a;c;y) ) 


v( 
V(a)&, (a, a;b;c;2,y) 
A( 


%, 
=, (a,a’;b;c; 2, Fr A(c) F(a, 6; c; x) ,F,(a’;c;y) 
Vi (a; b;¢,c’;x,y) = V(a)F (a,b; c; x) F(a; c’;y) 
&,(a;b;c;x,y) = A(c)F (a,b; c; x) oFi(c; y) 
®;(a; ¢; 2, y) = A(c) ,K(a; ¢; x) oF,(c; y) 
and from (II a), (IV) for the symmetric functions 
Reeth = V(a)A(c) F(a; ¢;x) ,F(a;e;y) } 


c)'¥, (a; b;c,¢; 2, y) 





a)®,(a,a;¢; x,y} 


v( 

A(c)'¥2(a; ¢,¢; x, y) 
®,(a,a';c;x,y) = — Ae) Fi a;c; 2) ,F,(a’;c;y) 

(a) ,F,( 

(c) 


c 


¥3(a;c,c’;2,y) = V(a), F(a; ¢; x) ,F(a;c’;y) 
Af (c;7+y) = A(c) F(c; x) oF(c; y) 





4. Twenty-six expansions 

We can obtain expansions of the confluent functions similar to 
those given in (5) §§3, 4 for the functions F. These can be derived 
from the symbolic relations (26), (27) above by using the appropriate 
expansion for V, A as described in (5) §2; or we can take suitable 
limits in the expansions of (5). In the first argument we can appeal 
without difficulty to considerations of absolute convergence, since 
at the worst we need |r| <1, |y| < 00; in the second we note that 
the passages to the limit are valid since the convergence is uniform 
as b > co, y> 0, etc. In any case the convergence-condition for the 
resulting expansion is that needed for the existence of the functions 
involved. 

With these remarks we write down the twenty-six expansions 
without further proof, grouping them as before in inverse pairs, the 
‘direct’ expansion coming first with an even reference number. Each 
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pair is deducible from a single relation of (26), (27), and we can 
discover which relation to use in each case by noting which functions 
appear on the two sides of the expansion. On the other hand, in 
taking limits it may not always be obvious which expansion of (5) 
should be used, and so to each expansion we prefix in brackets [ ] 
the number in (5) of the expansion from which it can be derived. 
For functions in the later groups it is generally possible to obtain 
the expansion as the limit of an earlier expansion in the series; we 
then prefix in brackets { } the number of that earlier expansion. In 
that sense (52), (53) may be regarded as the ultimate limits of all 
the expansions. The formulae are now arranged with the ‘skew’ 
groups (I), (IIs), (III) preceding the ‘symmetric’ groups (IT 4), (IV). 


[26] ‘W(a;b;c,c’; x,y) 


= pa ee ¥.(c’) ay’ F(a+r,b+r;c+r;x),F(a+r;c’+r;y), 
& (28) 
F(a,b;¢;x) ,F(a;e’;y) 


\r To,? ° ° en! ° 2 
we er oon xtyE(atr;b+r;c+r3;c’+r;2,y), (29) 


= , M r (a) (a )-(5), 
B,(a,a’;b;¢;2,y) = > (~Vapte—iiele 


x ary" F(a-+-r, b-+-1; c+ 2r; x) F(a'+-1; ¢+-2r; y), 
F(a, 6; c;x) F(a’; ¢;y) 
one r raty'S,(a+r,a’+r;b+1;c+2r; x,y), 


ioe) 


b),.(c—a) 
2 wren (Ca * 


xX ary’ F(a+r,b+r; c+ 2r; x) F(a+r; c+ 2r; y), 


F(a,b;c; x) ,F,(a;c;y) 
= 0 (4 ah 7 “Dr ary "D, (a+r; b+-r;c+2r; x,y), 


)-(C) op 
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©,(a;6;c32 - 


= => ree Paty "S,(a+r,a+r;b+r;c+2r; 2, y), 
E,(a,a;b;c;x,y) 


= > — jr Dl), (2),(6), Ta’y’®, (a+r; b+1r;c+-2r; 2, y), 


1! (C)op 


®,(a;b;c; x,y) 


;b;¢ 
3 rag 
- re (C)o, 
xy’ Y, (a+ 2r; b+-r; c+-2r,c+2r;x,y), 
'¥i(a; 6; ¢,c; x,y) 


"®, (a+-2r; b+-r; c+ -2r; x, y), 


(a),(b), 
r(e-+r—l),(C)a, 
xa’y’ F(a+r, b-+-1r; c+ -2r; x) oF,(c+2r; y), 


[29], {81} F(a, —— F,(c; y) 





” = >a Ae ae saty Ee(a-tr;b-+r;c-+2r;x,y), 


[28], [30], [34], {30}, {38} ,(a;c; x, y) 


=> Te 1),(€)op 3 
x ay" F (a+r; c+ 2r; x) oF,(c+2r;y), 
[29], [31], [35], {31}, {39} A(a;¢;2) (cs y) 
= (2), xy’®,(a+-r;c+-2r; 2x, y); 
r! (c),(C)op 
[50] ,F(a;c;~+y) 
x (a),(c—a), 


r!(c+r—1),(c or 
x ary" (a+r; c+-2r; x) F(a+r;c+2r;y), 
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[51] ,K(a;c; 2x) est 


- =2 (—y QA ary Rat ret 2rie+y), (43) 


[38], [48], {34} phi 


ae, 19/7 : or: 
=a “Me fe ay'®,(a+r,a+r;c+2r;2,y), 
[39], [49], {35} oe 


-> (— Wate (a+r; c+ 2r; 2+), 


[40], [42], {36} ,A(a;¢; x+y) 
: (4), Pell 
= Tetr—oe y" ¥,(a+ 2r;c+-2r,c+2r; x,y), 
(46) 


[41], [43], {87} W(ase,c; x,y) 
7 5%; PFT AE OTe, (47) 
®,(a,a’;c; x,y) 
(@),(@"), 


V(e+r— 1),(C)o, 
x ay" Fi (a+r; c+2r; x) F(a’ +r;c+2r; y), 


[29], [31], {31} aes 
-> (2),(a" avy’®D,(a+r,a’+r;c+2r; 2, y), 


r!( oC 


[26], [54], {28} “(a;c,¢’; x,y) 


ea (a), rr pel ae 
a ri(c),(e’), F(at+r;c+r; x), F(atr;ec’+r;y), 


[27], [55], {29} wea F(a; 0c’; y) 


Pa ns tak y' V(a+r;c+r;c’ +r; x,y), 
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[28], [30], [34], [40], [42], {30}, {32}, {36}, {38}, {40}, {42}, {46}, {48} 
ofi(c; x+y) 


xy’ Fy (c+ 2r; x) oF(e+2r; y), (52) 


[29], [31], [35], [41], [43], {31}, {33}, {37}, {39}, {41}, {43}, {47}, {49} 
of (¢; x) oF, (c; y) 


. 1 1,7 Dy 
= > = ©,” y" oF (ce+2r; 2+). (53) 


The expansion (43) above has been given by Bailey,* who deduces 
it as the limit of the expansion, equivalent to our (5) (51), given by 
Watson,} which we have already quoted. 

We remark the absence of any formula connecting =, with ‘Y,, or 
®, with ;. This corresponds to the absence, in (5), of any formula 
connecting F® with F®, 


5. Definite integrals 
If we substitute Euler’s integral 


a ae amass P'(c) a—1(]—_#)\c-—a-— a. - 4 
F(a,b;c;x) = rereca (1—t)°-¢-1(1—ta)-° dt = (54) 


and its limiting form 
1 


T'(c) [ 

F,(a;¢c;2) = ——————- |_ ##@-"(1 —t)*-4 1 ht 55 
0 

for F and ,F, where they occur on the right of the foregoing expan- 

sions, we obtain definite integrals for the corresponding confluent 

hypergeometric functions. The only integral with an elementary 

integrand comes out as 

Tc) (c’) 


T(@r)r(c—b)r\e'—a) * 





F(a; b3¢,¢’;@,y) = 
» 

x {{ yo-lyt-1(] —y)e-1(1 — v)"-4-1(1 —ux)- vexp( oe) au 

00 (56) 


* W.N. Bailey (3), 218 (5.1). 
+ G. N. Watson (10) 195 (the last formula). 
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Humbert has given* definite integrals for the functions ®,, ®,, E, 
which may be regarded as limiting forms of the known{ integrals 
for F®, F®, In the same way the above integral for ‘¥,, which does 
not appear to have been given by Humbert, can be obtained, as the 
limiting form, when b’ > 0o,t of the integral 
rere’), 

I'(a)P(6)P(c—b) 0 (c’—a) 
11 


x ({ u?-lya-1(] —y)°-0-1(1 —v)"-4-1( 1 —ux)’-4(1—ux—vy)~ dudv. 
00 (57) 
This integral (57), which is an alternative to that usually given§ for 
F®), can be obtained from (5) (26) by use of (54) with suitable choice 
of parameters. 

There do not appear to be similar ‘elementary’ integrals for f,, 
&,, D3, but it is possibly worth while to record the following integrals 
involving the Bessel’s function Ff, obtainable respectively from 
(50), (47), (45), (43), 





F®fa; b,b’;¢,c’;2,y] = 


¥,(a;c,c’;2,y) = T(c)T(c’) ‘ 
1 





{T'(a)}*P'(c—a)'(c’—a) 
x | | (uv)*-1(1 —u)°-4-1(1 —v)""-4-1elu+vix, F(a; ayuv) dudv, (58) 


D'(c) 


—_——_—— a-1 an c—a—-lpuxr ~ 2 
faite) Cn eae 
0 


(59) 


Yi(a;c,c;2,y) = 


Tc) 


®,(a,a;¢;2,y) = T(ar'(c—a) 


1 
x [ wet(1—uyp-e-tewe+ F[o—a; —ayu(1—u)] du, (60) 
0 


F(a; ¢; x) , F(a; ¢; y) 


1 
=: nares ut-l(] —y)°-4-leue+), Pfc; —ayu(1—u)] du. (61) 
0 


* P. Humbert (8), 79 (chapter IV); the integrals for ®,, ®, are quoted in ° 
P. Appell and J. Kampé de Feériet (1), 127 (18), 128 (19). 

+ See, for example, W. N. Bailey (4), 76-7, § 9.3, or P. Appell and J. Kampé 
de Fériet (1), 28-33, chap. 2. 

t We understand, of course, that y has been replaced by y/b’ before the 
limit is taken ; and so always. 

§ W.N. Bailey (4), 77 (2), or P. Appell and J. Kampé de Feériet (1), 28 (2). 
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6. Some further formulae 
6.1. The limiting form, as b > oo, of the identity 

F(a,b;c;x) = (l—2x)*-* F(c—a, c—b; c; 2) 
is 14,(a;¢; x) = e*,F,(c—a;c; —2), (62) 
where the change of sign in the argument of x will be noted. If we 
compare (30), (32) using this identity (62), we deduce* 

,(a;b;c; x,y) = eYE,(a,c—a;b;c;x, —y). (63) 
Similar comparison of (42), (48) gives 

F(a; ¢;a-++y) = e%,(a,c—a;c; 2, —y), (64) 

which is the limiting form of (63) as b + 00. 


6.2. Writing y = 2 in the definition of ®, and using Vander- 
monde’s lemma 


(2) (2), (a+a’)y 


> 


m!n! N! 


m+n=N 
we have ®,(a,a’;c;2,x) = ,F,(a+a’;c; 2). 
Similarly, the lemma 
1 


atatn m!n! (c),,(C’)n 


gives ¥,(a;¢,¢’32,2) = 1A dail 
c, 


and, in particular, 

¥3(a;a,a;2,2) = ,F,(a—}; 2a—1; 42), 

W5(2c—2;c,c—1; 2, x) 
Y,(2c—1;¢, c; x, x) 


Using (65) in (44), (45), (48), (49) we get 


= ,F(c—}4;c; 42). 


a ‘ 
(2), x", F,(2a+ 2r;c+-2r; 2), 
r! (C)o, 


(—Y Fa Rat re+ 2r; 20), (70) 


* Given by P. Humbert (8), 77 (the final formula of chapter II), with an 
incorrect sign; quoted correctly by P. Appell and J. Kampé de Fériet (1), 
127 (17). 
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io 8) 


x, F(a+r;c+2r; x) Xx 
F(a’+r;c+2r;zx), (71) 
\(a;c; x) F(a’; c; 2) 2a Ot (a), EO shri o + eee 


2r 


i (72) 
Writing c = 2a in (69), (70) and noting that 


(a),2?"/(2a)», = (42)""/(a+-3),» 


we have F(a; 2a; BH = e*F,(a+43; 42), (73) 


(har 
er = - (32)"" FR (a+r;2a-+2r; 22), (74) 
aoe 

of which the former is quoted by Watson* as due to Kummer. 

Similarly, if we write c = 2a = 2a’ in (72), we get 
a; ” 
{, F(a; 2a; x)}? = a ae ie]. (75) 

If we substitute for e-*,F, from (73) in (74), we have 


ain : a (32) 2 
- apn ett he. (76) 
Remembering aa 

c; fx*) = P(e)(3a)°L_4(2), (77) 


we write (76) as 


(ey = Pet) > (-Y dae (78) 
r=0 , 
If in (52), (53) we replace x, y, x+y, c by }a*, fy, R*, v+1 and 
7) 


use (77), we get the inverse pair of formulae 


n=(5 ) ys = 4 piaaL) a’ eS (79) 


Ledhwn = > 5 eee ae) (80) 


where R? = 2?+-y?. The first of these is covered by Gegenbauer’s 
addition theorem,} and the second is given by Bailey. 


* G. N. Watson (9), 101 (1) or (2). 
+ See, for instance, G. N. Watson (9), 363 (2) or 366 (13). 
t W.N. Bailey (3), 219 (5.2). 
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6.3. If we similarly use (67) or (68) in (46), (47), (50), (51), we get 
results that appear less interesting. Thus (67) in (46) with (73) gives 
the alternative to (76) 


1= > (Veep le tors de, (81) 
r=0 
bie (42) r= Ds Pa had, ets L,40,(), (82) 


a result also due to Gegenbauer.* Again (67) in (47) or (50) repro- 
duces (73) as a particular case of the formula 


‘H3(c;¢,¢; 2, y) = e7*¥)Fi(c; zy). (83) 


Finally (68,) in (47), (50) and (68,) in (50) give three expansions 
for ,F,(c—4;c; 4x), namely 





i (c—4;¢; 4a) = => TOG seta (2e+2r— 130+ 2r5 22) (84) 
r! 





+ a @),}2 Mr rf ,F(2e+r—1;c+r7; x)}* (85) 


I 


oa = Teeny et ea(tet 125 e+15 2) x 
r=0 
x F,(2c+-r—2;c-+r—1;2). (86) 


7. Whittaker’s functions and Laguerre polynomials 


Whittaker’s function M,,,, and Laguerre’s generalized polynomial 
I being defined as 


M,,,,(%) = x4*# exp(—}2) Fj (u—k+}; 2n+1;2), (87) 
‘ os T(a+n+1) F . 
Lx(x) = mi T(a+1) 1i(—n; «+1; 2), (88) 


it is clear that any formula involving ,/, can be restated in terms 
of either of these functions (with the restriction in the case of 


* Cf. G. N. Watson (9), 138 (1). 
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Laguerre’s polynomial that n is an integer). Thus (42), (43) give 
the inverse pairs 


_ (aty\ett S (ue —k4+- bu +k+4) 
arm 3, Fl (2n-Er) (2H 1) oy 





= Mi y+(@) My piel), 


—_ (89) 


= yp H—k+ (ut kt 3), 
My, (2) My, {y) -(=\" be Y Qu), (24+ 1)o, _ 


‘: (7 ) Myyirlt+y), (90) 








yp Mat 2011) soup Fat te(a) Late 
rTatntrpi) Year ea .* 


r I)bx ary” 
La(e\lgly) = SEO S a airety. (02) 
r=0 





The last of these has been given by Bailey.* 
For the L-functions, (69), (70) give 


a ¢ = aotet ,(2n—2r)! yer [eter 
Li(2) = Ton ae Year taza) (93) 


& (x nm! P(a+-2n+1) al nds ' 

Ly, (% )= a ae ae (2n)! y 4 rT @tntrpi) =F" (2x); (94) 
the corresponding results for the M-functions appear less interesting. 
Again (71), (72) give 

Mx. ,(%) = x Pexp(}x) x 
(u—k+})(u—k' +4), 1 
rl (Qu-+r),(Qu-+l)a — Liew r(®) My y+2(%), (95) 
= x+texp(—4z) x 
(u— k+-3),( (u— k’ +4), r 
«> Qnty, eae OO) 
where K = k+-k’—p—}; ‘a 
. m!n! T(a+m+n+1) 
Lin+n(@ x) = (m+n)! x 
n(m,n 2r 
“2e (a+ 2r)P(a+r)x [p+ +2r(a) L2+2r(a), 





(a-+-m+r+1)P(a+n+r+1) "7 
(97) 


* W. N. Bailey (3), 219 (5.4). 
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Tage) laa) = “Eee eter) 
T(a+m+n-+1) 
min(m,n) 
(m-+n—2r)! xP 
x pF As, 4 . 
Zz r!(m—r)! (n—r)!T(a+r+1) °"" nar). (98) 
Of these (96) and (98) have been given by Erdélyi* and (98) by 
Howell. 
The formulae (73)-(75) give results for M,,,, 
record 


4 “ (—}2) 
ye Soe 7 
. 2, rl (u+1), Moy +e(22), (99) 


while (84)-(86) give alternative expansions for J 


Xx 


of which we may 


Rie The corre- 


sponding formulae in the L-function seem more tedious. 


* A, Erdélyi (6), 144 (4, 3) and 145 (4, 5). 
+ W. T. Howell (7), 402 (29) with a misprint. 
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